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FREE QUASITOPOLOGICAL GROUPS

JEREMY BRAZAS AND SARAH EMERY

ABSTRACT. In this paper, we study the topological structure of a univer-
sal construction related to quasitopological groups: the free quasitopological
group Fg(X) on a space X. We show that free quasitopological groups may
be constructed directly as quotient spaces of free semitopological monoids,
which are themselves constructed by iterating product spaces equipped with
the “cross topology.” Using this explicit description of Fy(X), we show that
for any T space X, Fy(X) is the direct limit of closed subspaces Fg(X)n
of words of length at most n. We also prove that the natural map in :

P o(X uXH)® — Fy(X)n is quotient for all n > 0. Equipped with this
convenient characterization of the topology of free quasitopological groups, we
show, among other things, that a subspace ¥ € X is closed if and only if
the inclusion Y — X induces a closed embedding Fy(Y) — Fy(X) of free
quasitopological groups.

1. INTRODUCTION

A quasitopological group is a group G with a topology such that inverse g — g~!

is continuous and such that the group operation G x G — G is continuous in each
variable. The second condition is equivalent to the translations g — gh and g — hg
being homeomorphisms for every h € G. Certainly, every topological group is a
quasitopological group. A famous theorem of R. Ellis [7] (see also [I, Theorem
2.3.12]) states that every locally compact Hausdorff quasitopological group is a
topological group. However, there are many important quasitopological groups,
which are not topological groups, including homeomorphism groups Homeo(X)
and certain topologized homotopy groups [2].

In this paper, we study universal quasitopological groups, which are, in a sense,
as far from being a topological group as possible, namely “free quasitopological
groups.” The free quasitopological group on a space X is a quasitopological group
F,(X) equipped with a map o : X — F,(X) universal in the sense that for ev-
ery continuous map f : X — G to a quasitopological group G there is a unique
continuous homomorphism f: F,(X) — G such that f~o o = f. In other words,
F, : Top — qTopGrp is a functor left adjoint to the functor qTopGrp — Top
which forgets the group structure of a quasitopological group.

The free quasitopological groups we investigate are the quasitopological ana-
logues of free topological groups Fi;(X) in the sense of Markov [12]. Free topo-
logical groups hold a place of particular importance in general topological group
theory and have an extensive literature. This literature focuses on the case where
X is Tychonoff since this is precisely when Fjs(X) is Hausdorff and the inclusion
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of generators o1 : X — Fj(X) is an embedding. Unfortunately, characteriza-
tions of the actual structure of free topological groups, e.g. those in [22], are quite
complicated when X lacks certain compactness properties. For example, if X is
an inductive limit of a nested sequence of compact Hausdorff subspaces, i.e. a
k,-space, then Fp/(X) is the inductive limit of the subspaces Fps(X), of words
of length at most n and the natural functions in : [[[_ (X u X~ H" - Fu(X),
are quotient maps [I1] (see also [24]). In general, both of these properties holding
is equivalent to Fj;(X) being the natural quotient of the free topological monoid
M(X 0 XY =117 (X u X" with respect to word reduction [22, Statement
5.1]. Unfortunately, this characterization of Fj;(X) as a quotient space will often
fail to hold without imposing some kind of compactness condition on X, for exam-
ple, if X = Q [8]. There is a substantial literature on determining when the maps
in are quotient, which is nicely surveyed in [22], Section 6]. There are also analogous
investigations for free paratopological groups [3} 6] (18], which were first introduced
in [19].

In this paper, we show that the free quasitopological group F,(X) may al-
ways be constructed as the natural quotient of the free semitopological monoid
M(X 1 X 1) with respect to word reduction. To construct My (X 1 X 1), and
consequently F,(X), without appealing to adjoint functor theorems (as is often
done for free topological groups [17]), we employ the cross product X ®Y of spaces.
In Section [2] we recall the cross topology [1, p.15] used to define X ® Y. The
cross topology is generally much finer than the product topology and is useful
for characterizing separate continuity [I0]. In Section [3| we construct the free
semitopological monoid Mg (X) on a space X as the coproduct [ [, X®" of it-
erated cross products of X with itself. In Section {4 we show that if we give the
free group F'(X) the quotient topology with respect to the natural reduction map
R: Mu(X u X 1)® — F(X), then the result is precisely a free quasitopological
group Fy(X).

Equipped with this construction of F,(X), Section [5| is devoted to proving a
general and practical characterization of the topology of Fy(X). Analogous to
the free topological group situation, we let F;(X),, denote the subspace of Fy(X)
consisting of words of length at most n and in : [ [[_o(X u X 1)® — F (X), be
the restriction of R. Our main result is the following.

Theorem 1.1. If X is a 11 space, then

(1) The canonical injection o, : X" — F (X)) is a closed embedding,

(2) Fy(X) has the weak topology with respect to the subspaces {Fy(X)n}nen,

(3) the canonical map in : [[[_o(X U X 1)® — F (X)), is quotient for all
neN.

Since cross-products only preserve compactness in trivial situations, the well-
known use of the Stone-Cech compactification 5X, c.f. [9], appears to be unhelpful
for studying F;,(X). Hence, there appears to be a trade-off. While many techniques
used to study free topological groups are no longer helpful, Theorem [I.I} whose
topological analogue rarely holds for Fj;(X) appears to provide a direct avenue for
answering most questions about Fj(X). For example, as part of Theorem we
prove the following four conditions are equivalent: Fj,(X) is a topological group,
F,(X) is first countable, F,(X) is discrete, X is discrete. Hence, either Fi(X) is a
discrete group or it is not a topological group.
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Given a Tychonoff space X and a subspace Y € X, it is a fundamental problem
to determine when the inclusion Y — X induces an embedding of free topological
groups Fir(Y) — Fj(X). This problem has been studied extensively [9] [15] 20, 25]
and a full characterization was given by O. Sipacheva [21] in terms of extensions
of continuous pseudometrics. In Section [6} we exploit Theorem to prove that
whenever Y C X is closed, F,(Y") is naturally a closed subgroup of F,(X). We also
establish a partial converse from which we obtain our second main result.

Theorem 1.2. Let X be a Ty space and Y < X. The inclusion Y — X induces a
closed embedding Fy(Y) — Fy(X) of free quasitopological groups if and only if Y is
closed in X.

We also show that we can drop the “closed” hypothesis if we attach some fairly
week hypotheses to X. In particular, we show that if X is a Hausdorff sequential
space and Y < X. Then the inclusion ¥ — X induces an embedding F,(Y) —
F,(X) if and only if Y is closed in X.

2. THE CROSS TOPOLOGY

Although it is possible to define a cross topology for infinite product spaces,
we will restrict to finite products. Generally, we will write X x Y or Hje 5 X; to
denote the direct product of sets or spaces and 7 : [] jed X; — X, will denote
the projection map. We will denote the coproduct (topological sum) of a family of
spaces by [ [;c; Xj.

Definition 2.1. Given spaces X and Y, the cross topology on the direct product
X x Y cousists of sets U € X x Y such that m (U n X x {y}) is open in X for
all y € Y and mo(U n {z} x Y) is open in Y for all z € X. We will denote the
set-theoretic product X x Y equipped with the cross topology by X ® Y and refer
to this space as the cross-product of X and Y.

The cross topology was introduced by Novék in [I3] and is generally much finer
than the product topology. For example, if X = R, the set {(0,0)} u {(z,y) €
R? | |y| > 2|z| or |z| > 2|y|} is open in R @R but not in R x R (see Figure .
Based on this example, one can imagine far more intricate examples and observe
why describing an explicit neighborhood basis at (0,0) is challenging.

Remark 2.2. A space X is T} if and only if the diagonal A = {(z,z) | x € X} is
closed in X ® X. Moreover, if X is Ty, then A is a discrete subspace of X ® X.
This follows from the fact that for any x € X, the set (X x X\A) u {(x,z)} is open
in X®X (see Figure. Since the diagonal A is homeomorphic to X as a subspace
of X x X, we see that for a T} space X, the cross and product topologies on X x X
agree if and only if X is discrete.

As a consequence, we note that X ® X is rarely compact. In fact, X ® X is
compact Hausdorff if and only if X is discrete and finite. For if X ® X is compact
Hausdorff, then the identity function X® X — X x X is a homeomorphism and the
previous paragraph implies that X is discrete. Therefore, X is a compact discrete
space and must be finite.

If we identify the projection fibers Xy x {x2}, 2 € X5 and {1} x Xa, 1 € X3
with the spaces X7 and X5 respectively, then we may view the cross topology as
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FIGURE 1. An open neighborhood of the origin in R® R, which is
not open in R x R.

the weak topology with respect to all of these fibers. In other words, the cross
topology is the quotient topology with respect to the fiber decomposition map

H X1><{J,‘2}I_I ]_[ {1‘1}><X2—>X1><X2,

r2€Xo r1€X1

which is the inclusion on each summand.

Recall that a function f : X x Y — Z of spaces is separately continuous if
fz Y = Z, fo(y) = f(x,y) is continuous for all z € X and f, : X — Z,
fy(@) = f(x,y) is continuous for all y € Y. The primary utility of the cross
topology is to very simply characterize separate continuity in terms of ordinary
continuity [10, 14]. The following is essentially Proposition 4.1 of [10].

Lemma 2.3. A function f : X xY — Z is separately continuous if and only if
f: X®Y — Z is continuous.

FIGURE 2. The set (X x X\A) u {(z,z)} is open in X ® X for
all x € X since each intersection with a projection fiber is open.
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Proof. Let Q : [[,ey X x {y} U] [ex {7} xY — X ®Y be the fiber decomposition
quotient map. Notice that f: X xY — Z is separately continuous if and only if
f o @ is continuous. Since @ is quotient, f : X x Y — Z is separately continuous
ifand only if f: X ® Y — Z is continuous. O

It is clear that there is a natural associativity homeomorphism X; ® (Xo® X3) =~
(X1®X2)®X3 and a homeomorphism X1 ®Xs >~ Xo®X;. Hence, ® : Top? — Top
defines a symmetric monoidal tensor product on the category of topological spaces
and continuous functions. We will write ®!'_, X; to denote an n-fold cross-product
of a sequence of spaces X1, Xs,...,X,, that is H?zl X,; viewed as an iterated
cross-product. A projection fiber of ®' X, is a fiber of one of the projection
maps II; : @', X; — ®;»;X;, that is, of the form [[!_, A; where there exists
a single j € {1,2,...,n} with A; = X, and A, is a singleton when j # i. By
a straightforward induction, it is clear that a set C < ®7_ X, is closed (resp.
open) if and only if the intersection of C' with each projection fiber of ®7_,X; is
closed (resp. open) in that projection fiber. Equivalently, if PF (X1, Xo,...,X,)
is the disjoint union of all projection fibers of ®] ;X;, then the canonical map

PF(X1,Xs,...,X,) — ®1X,; given by inclusion on each summand is a quotient
map.
Lemma 2.4. If f; : X; = Y;, je{1,2,...,n} are continuous maps, then the cross

product function denoted ®;’:1fj : ®§.‘:1Xj — ®§L:1Yj is continuous. Moreover,
®7_, f; is a quotient map if and only if f; is quotient for all j € {1,2,...,n}.

Proof. There is a canonical commutative diagram
PF(X1, Xa,.... Xy) —2 PF(Y1,Ya,....Yy)

J J

i1 X T, ®i=1Y;

where the top map ¢ is the restriction of ®;"; f; on each projection fiber. In par-

ticular, such a restriction is the continuous map f; in one component and constant
in all other components. In other words, ¢ may be identified with a disjoint union
of the maps f;. Therefore, ¢ is continuous and is a quotient map if and only if
every f; is quotient. Since both vertical maps are quotient, it follows from the
universal property of quotient maps that ®}_, f; is continuous. Moreover, if each
i 1s quotient, then so is ¢ and ®}_, f;. The projection maps 7; : ®;_;X; — X;
are open and therefore are quotient maps. Since 7; o ®i, fi = f; o m;, it follows
that if ®}"_; f; quotient, then so is each f;. O

3. FREE SEMITOPOLOGICAL MONOIDS

The free monoid on a set X may be represented uniquely up to isomorphism
as the monoid of finite words with letters in the set X. In particular, M (X) =
[ 1,50 X" where X© = {e} contains the empty word and an n-tuple (1, z,...,2") €
X™ is represented as a word w = x12g...x,. We write |w| = n for the length of
such a word, noting that |e| = 0. The natural operation on M (X) is word concate-
nation and e is the monoid identity. The monoid structure of M (X) is characterized
up to isomorphism as follows: p : X — M(X), p(z) = « is the inclusion of free
generators and is universal in the sense that for every function f : X — N to a
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monoid N, there is a unique monoid homomorphism f : M(X) — N such that
fop = f. In particular, f is defined as f(:clxg cooy) = f(z1)f(z2) - - f(xn) where
the product on the right is taken in N.

Recall that a topological monoid is a monoid M with topology such that the
operation p : M x M — M is continuous. A semitopological monoid is a monoid
M with topology such that M x M — M is separately continuous. According
to Lemma [2.3] a monoid with topology M is semitopological if and only if M ®
M — M is continuous. We will let TopMon and STopMon denote the categories
of topological and semitopological monoids respectively where in both cases the
morphisms are continuous monoid homomorphisms.

When X is a space and each summand X™ is given the product topology, the
topological sum M;(X) = ano X™ becomes the free topological monoid on the
space X. In particular, this results in a functor M; : Top — TopMon that is left
adjoint to the forgetful functor TopMon — Top.

We construct the semitopological analogue using the cross topology. Given a
space X, we will write X®" for the n-fold cross product of X with itself. We define
M (X) = [1,50 X®" and will refer to this as the free semitopological monoid on X
(this terminology will be justified shortly). Hence, My (X) has the same underlying
monoid structure as My(X) but is equipped with a finer topology.

Recalling that elements of X®" are represented as words 123 - - - &, with letters
in the set X, we establish some convenient notation to replace the projection fiber
notation above. Given words w,v € My (X), we let F,, = wXv = {wzv €
M (X) | z € X}. Note that F, . = X, F,, = Xv, and Fy . = wX.

For any pair (w,v) € Mg (X)?, the set F,, ,, is unique. Hence, My (X) is the set-
theoretic disjoint union of {e} and F,, ,, ranging over pairs of words (w,v) € M (X)?.
Moreover, for fixed n > 1, the spaces Fy 4, |w| + |v] = n — 1 are the projection
fibers of X®" and therefore are homeomorphic to X. Hence, we have the following.

Lemma 3.1. A subset A € My (X) is closed (resp. open) if and only if An Fy ,
is closed (resp. open) in F,, ,, for all pairs of words w,v € Mg (X).

Note that A n X®9 is always both closed and open so it need not be included
in the previous lemma. An equivalent way to state the previous lemma is the
following: for all n > 1, the map [, -, H\w|+\v|:n—1 Fyn — Mg (X) given by the
inclusion on each summand is a quotient map.

Theorem 3.2. For any space X, My (X) is a semitopological monoid, p : X —
M (X) is continuous and is universal in the sense that for every continuous func-
tion f : X — N to a semitopological monoid N, there is a unique continuous
homomorphism f : My (X) — N such that fop=f.

Proof. Tt suffices to check that the word concatenation operation u : Mg (X) ®
M (X) —> Mg (X) is continuous with respect to the cross topology. Since ®
distributes over topological sums, M (X)® M (X) is the disjoint union of X®" ®
X®m m,n > 0 and the map pu restricted to this summand is the associativity
homeomorphism X ®n @ X®m _ X®n+m  Therefore, concatenation is continuous
with respect to the cross topology, proving that M;(X) is a semitopological monoid.

Certainly ¢ is a homeomorphism. Suppose f : X — N is a continuous function to
a semitopological monoid N. The unique monoid homomorphism f: My(X)—> N
was described above; it suffices to show that f is continuous. Since the operation
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2 : N®2 — N is continuous, the associativity of @ implies that the k-fold operation
pr : N® — N is continuous. Therefore, v : My (N) — N defined as p on the
k-th summand is continuous on the disjoint union. Now f = v o (I, f®") is the
composition of continuous functions and is therefore continuous. ([l

It follows directly that My : Top — STopMon defines a functor that is left
adjoint to the forgetful functor STopMon — Top. Hence, we refer to Mg (X) as
the free semitopological monoid on X.

4. CONSTRUCTING FREE QUASITOPOLOGICAL GROUPS

We recall the construction of the free group F(X) on a set X as a group of
reduced words: let X! be a homeomorphic copy of X with elements written with
superscript 27!, Then F(X) = M(X u X 1)/~ where ~ is the relation generated
by identifying xz~! and z 'z with e whenever they appear in a word. Every
word is represented by a unique reduced form in which no such cancellations are
possible and there is a reduction function R : M(X u X~ 1) —» F(X) taking a
word w to its reduced representative R(w). The operation (w,v) — R(wwv) of
word concatenation followed by reduction is a group operation on F(X). The
inclusion of free generators ¢ = Rop: X — F(X) is universal in the sense the
any function f: X - G to a group G extends unlquely to a group homomorphlsm
f F(X) — G such that f oo = f. In particular, f is given by f fJr o R where
ft fE M(X u X~!) — G is the uniquely induced monoid homomorphism induced
by the function f*: X u X! — G where f*(z) = f(z) and f*(z=1) = f(x)" L.

As mentioned in the introduction, if we give F(X) the quotient topology with
respect to reduction R : My(X u X~ ') — F(X), then F(X) is not always the
free topological group on X. This quotient topology construction does give F(X)
the structure of a quasitopological group that lies somewhere between the free
quasitopological group and the free topological group on X (this is studied as the
“reduction topology” in [3]). A key reason for this failure is that the direct product
of two quotient maps is not always a quotient map. We use the convenient fact
from Lemma that the cross product does preserve quotient maps.

Definition 4.1. For a space X, let F;(X) be the free group F'(X) with the quotient
topology inherited from the reduction function R : Mg (X u X)) — F,(X), that
is, as the natural quotient of the free semitopological monoid on X 1 X~

Combining this definition with Lemma we have the following practical char-
acterization of the topology of F,(X).

Lemma 4.2. A set C € Fy(X) is closed (resp. open) if and only if R (C) N Fy.
is closed (resp. open) for all pairs of words w,v e Myu(X u X~1).

Theorem 4.3. For any space X, Fy(X) is a quasitopological group and the inclu-
sion of generators o : X — Fy(X) is continuous and universal in the sense that for
any continuous function f : X G to a quasztopologzcal group G there is a unique
continuous homomorphism f Fy(X) — G such that f oo =f.

Proof. First, we check that group inversion in : F,(X) — F,(X) is continuous.
Consider the reverse function r : My (X u X71) — My (X u X1, defined by
r(z'a? ... xs) = 2, . xy @a] and the following diagram where all vertical
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maps are quotient and the bottom square commutes. We define a continuous map
g making the top square commute.

g
L[w,’UEMSt(X\_AX_l) vav Hw,UEMSt(X\_AX_l) Fwﬂ)

| o

My XuX ) — s My (X u X
Fo(X) : Fy(X)

m

Since all of the vertical maps are quotient, it suffices to define g so that g is con-
tinuous and the top square commutes. In particular, for w,v € My (X 1 X 1),
we define g so that its restriction to F, , is the function gw v @ Fuv = Fr(v),r(w)
g(wzv) = r(v)z~“r(w). Since g, , may be identified with the homeomorphism
X — X 'or X! - X, it is continuous. Therefore, g is continuous. With this
definition, the diagram commutes and it follows that r is continuous. Since all
vertical maps in the above diagram are quotient, we conclude that inversion in is
continuous.

Next, we must show that word concatenation v : Fy(X) ® F,(X) — Fy(X)
is continuous. According to Theorem My (X U X~1) is a semitopological
monoid, which means that the top map in the following commutative diagram
(word concatenation) is continuous. Since the vertical maps are quotient maps
(recall the second statement of Lemma for the left map), the bottom map is
continuous.

My(X UX H)Q@My(X LX) —— My(X u X1

nor | o

Fy(X) @ Fy(X) Fy(X)

~

Since both R and the inclusion p : X — My (X u X~ 1) are continuous, the
composition 0 = Rop: X — Myu(X u X~!) —» F,(X) is continuous. To check
the universal property of o, let f : X — G be a map to a quasitopological group
G. We must establish that the unique homomorphism f : Fy(X) — G satistying
fo o = f is continuous. Recall that we first extend f toamap ff: X U X! - G
by f(x=1) = f(x)~!. Since inversion is continuous in G, f* is continuous. Since G
is a semitopological monoid, Theorem [3.2] ensures that there is a unique continuous
monoid homomorphism f : My (X u X71) — G such that fo p = f%. Since

~

foR = f where R is quotient and f is continuous, f is continuous.

My (X U X1
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A continuous map f : X — Y canonically induces a continuous monoid homo-
morphism M, (f U f=1) : My (X U X1 — My (Y uY 1), which in turn induces a
continuous group homomorphism Fy(f) : Fy(X) — F4(Y). Indeed, the continuity
of F,(f) follows from the commutativity of the following square where the vertical
maps are quotient.

Alst(f)

Mg (X U X)) =28 My (Y Yy =)

It follows that Fj, : Top — qTopGrp is a functor left adjoint to the forgetful
functor qTopGrp — Top.

Remark 4.4. Recalling the construction of M (X 1 X ~1) using the cross topology,
note that we have explicitly constructed F,(X) as the quotient space of a disjoint
union of copies of X. Therefore, if C is a coreflective subcategory of Top, i.e. one
which is closed under forming disjoint unions and quotient spaces, then F,(X) e C
whenever X € C. For example, if X is sequential, a k-space, locally connected, or
locally path-connected, then so is F,(X).

Corollary 4.5. If a map f : X — Y is a quotient map, then the induced homo-
morphism Fy(f) : Fy(X) — Fy(Y) is a quotient map.

Proof. Recall from Lemma [2.4] that ® preserves quotient maps. Therefore, if f is a
quotient map, Mg (f) is a topological sum of cross products of quotient maps and
is therefore quotient. Since word reduction maps are quotient by construction, it
follows from the last commutative square above that Fy(f) is a quotient map. O

Remark 4.6. The category TopGrp of topological groups is a reflective subcate-
gory of qTopGrp, that is for each quasitopological group G, there is a topological
group 7(G) and a continuous homomorphism j : G — 7(G) such that for every con-
tinuous homomorphism f : G — H to a topological group H, there is a continuous
homomorphism ¢ : 7(G) — H such that j o g = f. Moreover, 7(G) may be con-
structed as the underlying group of G equipped with a coarser topology (implying
that j is the identity homomorphism). This coarser topology may be constructed
via transfinite recursion [3]. The universal property ensures that 7(G) = G if and
only if G is a topological group.

It is straightforward from universal properties that there is a natural isomorphism
Fy(X) = 7(Fy(X)). Hence, Fy(X) is a topological group if and only if Fy(X) =
Fy(X). Certainly, Fy(X) = Fuy(X) occurs if X is discrete. We will show in
Theorem below that for non-discrete, T7 spaces Fy(X) is not a topological
group. Hence, F,;(X) is only a topological group in trivial situations.

Despite the dramatic difference between F,(X) and Fj;(X), there is at least one
topological similarity. It is shown in [4, Cororollary 3.9] that a quasitopological
group G and its topological reflection 7(G) always share the same lattice of (not
necessarily normal) open subgroups. Hence, a subgroup H < F(X) is open in
F,(X) if and only if it is open in Fiy(X).
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5. THE TOPOLOGY OF FREE QUASITOPOLOGICAL GROUPS

For all integers n > 0, let F,;(X),, be the subset of F,(X) consisting of words of
length at most n. Notice that F,(X)o = {e} is the trivial subgroup.

Remark 5.1. Within M (X u X 1), we will be required to analyze how words of
the form wx‘v € F, , may be reduced to obtain the unique reduced representative
R(wzv) in Fy(X). There are several reduction patterns possible. However, either
R(wzv) = R(w)zR(v) or there exists a initial subword w; of R(w) and terminal
subword vy of R(v) such that R(wzv) = wyv;. The latter case occurs when either
the last letter of R(w) or the first letter of R(v) is ™€ (possibly followed by more
reduction). Hence, either R(wzv) = R(w)x*R(v) or |R(wzv)| < |R(w)| + R(v)].

Lemma 5.2. If X is Ty and n > 0, then Fy (X), is closed in Fy(X).

Proof. Fix n > 0. We must check that R™!(F,(X),) is closed in Mg (X u X71).
Fix words w,v € Mg (X 1 X~1). It suffices to show that C = R™(F,(X),) N Fy
is closed in F,,,. Note that C' consists of words of the form wzcv, € € {1, -1} for
which |R(wzv)| < n. Suppose wzv € F,, where |R(wzv)| > n. Recall from
Remark [5.1] that either R(wzv) = R(w)z“R(v) or |R(wzv)| < |R(w)|+ |R(v)|. In
either situation, n < |R(w)| + |R(v)|.

Since X is 717,

U= X\{ae X |a™!is a letter of wv and a # x}

is an open neighborhood of z in X. Since U¢ is open in X 1 X!, the set wU*®v is
an open neighborhood of wzv in Fy,,. We claim that wUvn C = J. Let z e U.
Then wzv € wU. Certainly, if z = z, then |R(wxv)| > n. Hence, we assume
z # x. Note that R(wzv) = R(R(w)z¢R(v)) and since z € U\{z}, the letters z, 27!
appear in neither R(w) nor R(v). Hence, R(wz®v) = R(w)z°R(v). In particular,
|R(wzv)| = |R(w)| + 14 |R(v)| = n+1. This proves Cn F,, is closed in Fy, ,. O

Corollary 5.3. If X is T, then Fy(X) = lim Fy(X),, that is C < Fy(X) is
closed if and only if C n Fy(X)y, is closed in Fy(X)y for alln > 0.

Proof. One direction is clear. Suppose that C' € F,(X) such that C n F (X),, is
closed in Fy(X), for all n > 0. By Lemma [5.2] F;(X), is closed in F;(X) and so
R™YCnF, (X),)is closed in My (X X ™1) foralln > 0. Fix w,v € Mg (XuX™1).
Then R™1(C)nFyw = R™HC A Fy(X) | 4]0]+1) N Fu,v is closed in Fy . According
to Lemma [4.2] C is closed in Fy(X). O

For each n > 0, let iy : [ [[_o(X u X 1)® — F,(X), be the restriction of the
quotient map R. It is not immediately clear that i, is itself a quotient map if
F,(X), has the subspace topology inherited from F,(X),. The desirable property
that i, is quotient for a given n often fails in the free topological group setting;
as mentioned in the introduction, the intricacies of this failure have been studied
extensively.

Lemma 5.4. If X is Ty, then the subspace topology of Fy(X), agrees with the quo-
tient topology with respect to the restricted reduction map in : ]_[?:O(X uX-1H)®

Proof. The statement is clearly true for n = 0 since F,(X)o is a one-point space.
We focus on the case when n > 1. It is easy to see that the quotient topology on
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F,(X), is finer than the subspace topology inherited from F;,(X). To check that
they agree, suppose that C' € Fy(X), is closed in the quotient topology with respect
to ip. By Lemma Fy(X), is a closed subset of F,(X). Therefore, it suffices
to show that C is closed in F,(X). To do so, we will verify that R~1(C) n F,.,,
is closed in F, , for all w,v € My (X 1 X~1). Recalling that n is fixed, note that
the assumption that C' is closed in the quotient topology on F,(X), implies that
whenever |w| + |v] < n — 1, the set i;'(C) N Fy, = R7Y(C) n F,, is closed in
Fy . For w,v with |w| + |v| = n, we proceed by induction on |w| + |v|.

Hence, for our induction hypothesis, we suppose n < m and that R=1(C) n F,, ,,
is closed in F,, , whenever m — 1 = |w| + |v|. Fix w,v such that |w| + |v| = m. Let
wzv € Fy, ,\R™(C). We consider two cases:

(1) Suppose |R(w)| + |R(v)| = m. Since |R(w)| + |R(v)| = |w| + |v|, we have
R(w) = w and R(v) = v. Since X is 11,

U=X\{ae X |a™!is a letter of wv and a # z}

is an open neighborhood of z in X. Now wU*®v is an open neighborhood
of wzv in F,,. Let wy‘v € wU such that y # z. Since the letter y*!
appears in neither w nor v and since w and v are already reduced, we have
R(wy‘v) = wyv and |wy‘v| = m+1 > n+ 1. Since wy‘v ¢ Fy(X),, we
conclude wyv ¢ C. Thus, wU n R7}(C) = &.

(2) Suppose |R(w)| + |R(v)] < m. Then R(R(w)z¢R(v)) = R(wzv) ¢ C and
thus R(w)z*R(v) € Fr(w),rw)\R™'(C). By the induction hypothesis, there
exists an open neighborhood U of z in X such that R(w)UR(v)nR™(C) =
. Since X is Ty, V =U\{a € X | a is a letter of wv and a # x} is an open
neighborhood of z in X. Now wV v is an open neighborhood of wzv in
F. . Suppose wyv € wV v where y # . Since w and v do not have y*!
as a letter, we have R(wyv) = R(w)y*R(v) € R(w)VR(v) € R(w)U*R(v).
Thus R(wyv) ¢ C. This gives wVv n R7Y(C) = &.

From these two cases, we may conclude that Fy, , N R71(0) is closed in Fyy » when
|w| 4+ |v| = m, completing the induction. O

We combine the above results with the following.

Theorem 5.5. The following are equivalent:

(1) X s Tl,

(2) Fy(X) is Th,

(3) Fy(X)n ts closed in X for alln >0,

(4) 0y : X" — F (X)), on(z1,22,...,0,) = 172 - - Ty, 15 a closed embedding

foralln > 1.

Proof. (1) = (3) is Lemma[5.2] (3) = (2) If the trivial subgroup F,(X)o is closed,
then F,(X) is T3 since it is a homogeneous space. (2) = (1) holds since the canonical
injection o : X — F,(X) is continuous. Hence (1)-(3) are equivalent.

(1) = (4). Suppose X is T3 and C < X®" is closed. By Corollary it
suffices to show that 0,(C) N Fy(X)y, is closed in Fy(X),, for all m > 0. Recall
that im : [[/2o(X 0 X 1H® — F,(X),, is quotient by Lemma Note that
iz'(0,(C)) is precisely the set C' in the summand X®" of [[I (X u X 1)®.
Therefore, i;!(0,(C)) is closed in [/ (X u X~ 1)®" It follows that o, (C) is
closed in Fy(X),. Since 0,(C) < F,(X),, and each set Fy(X),, is closed in Fy(X)
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for all m > 0 (Lemma[5.2), we have that o,,(C) N Fy(X)p, is closed in Fy(X ), for
all m > 0.

(4) = (1) Suppose X is not Ty. We will show that (4) fails because I'm(oy) is not
closed. Choose z,y € X such that y € {z}\{z}. Let U be an open neighborhood of
w = zyz~ ! in Fy(X). Now R (U)nF, .-+ = 2V ™! for some open neighborhood
of y in X. Since y € {z}, we have z € V. Thus zzz~' € zVa~! € R~ (U) giving
r = R(zwx~!) € U. Since every open neighborhood of xyz~! ¢ Im(o;) meets

Im(o1), we conclude that Im(oy) is not closed. O
Proof of Theorem[I.1. Parts (1), (2), and (3) follow from Theorem Corollary
and Lemma [5.4] respectively. O

Corollary 5.6. The converse of Corollary[].5 holds when'Y is Tj.

Proof. Suppose f : X — Y is a map where Y is T7 and F,(f) is quotient. Certainly,
Jf must be surjective. Let Y’ be the quotient topology on the underlying set of
Y inherted from f and f' : X — Y’ be the quotient map. By Corollary
F,(f) is quotient. There is an induced, continuous bijection ¢ : Y’ — Y, which
induces a continuous group isomorphism Fy (i) : Fy(Y') — F,(Y') such that F,(i) o
F,(f") = F,(f). Since both Fj,(f) and F,(f’) are quotient, Fy(¢) is an isomorphism
of quasitopological groups. Since Y’ is also Ty, Theorem ensures that the
restriction i = F()|f,(y7), is a homeomorphism. It follows that f is a quotient
map. O

Corollary 5.7. If X is Ty and {wy,}nen 5 a sequence in Fy(X) such that |w,,| —
00, then {wy,, | m € N} is closed in Fy(X).

Proof. By assumption, the set {w,, | m € N} n Fy(X), is finite for all n € N. Since
Fy(X) is Ty by Theorem {wn, | m e N} n Fy(X), is closed in F,(X),, for all
n € N. It follows from Corollary [5.3| that {w,, | m € N} is closed in Fy(X). O

Corollary 5.8. If X is T1, then Fy(X) is hemicompact with respect to the subsets
Fy(X)n, neN.

Proof. Let K < F,(X) be compact and suppose, to obtain a contradiction, there
exists a sequence {Wpm }men in K with |w,,| — c0. Since K is compact there exists
a subsequence {wy,, }jen that converges to w € K. Since |wy,;| — 0, we may find
Jo such that |wy,,| > |w| for all j > jo. However, {wy,, | j = jo} is closed in F(X)
by the previous corollary. Therefore, w € {wp,; | j = jo}; a contradiction. O

The next proposition states that in non-trivial situations, open neighborhoods
of the identity in Fj;(X) will always contain words of arbitrary length.

Proposition 5.9. Suppose X is Ty and not discrete. If U is an open neighborhood
of e in Fy(X), then U n (Fy(X)om\Fy(X)am—1) # & for all m e N.

Proof. Let z € X be a non-isolated point of X and let m € N be arbitrary. Since
R((zz=1)™) = e, R~}(U) is an open neighborhood of (zz=1)™ in My (X u X~1).
Find an open neighborhood V; of = such that Vijz=!(zaz=1)™~! < R~1(U). Since
x is not isolated, we may find y; € Vi\{z}. Since yyz~t(zz=1)""t e R~ (U), we
may find an open neighborhood V, of  such that y; ¢ Vo and y, V, ' (zz=1)™! <
R (U). Find y, € Vi such that yo # 2. Then y1y, (zz= )™ e RY(U).
Continuing in this way, we may construct a word w = ylyglygygl e ygm_ly;nll €
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R™Y(U). By construction, w is reduced. Therefore, w = R(w) € U and |w| =
2m. (]

The next theorem shows that F,(X) is only a topological group in trivial situa-
tions.

Theorem 5.10. For any 11 space X, the following are equivalent.
(1) X is discrete,

(2) Fy(X) is discrete,

(3) Fy(X) is a topological group,

(4) the square map sq : Fy(X) — Fy(X), w — R(ww) is continuous,
(5) Fy(X) is first countable.

Proof. The implications (1) < (2) = (3) = (4) are clear. To prove, (4) = (1)
suppose sq : Fy(X) — F,(X) is continuous. Recall from Theorem that o1 and
o9 are embeddings. The restriction of sq to I'm(o1) may be identified with the
diagonal map X — X ® X. However, as mentioned in Remark [2.2] the diagonal of
X ® X is a discrete subspace. Since X continuously injects into a discrete space,
it must be discrete. This completes the equivalence of (1)-(4). (2) = (5) is clear.
To complete the proof, we verify (5) = (1). Suppose, to obtain a contradiction,
that F,(X) is first countable but that X is not discrete. Then F,(X) is 77 and not
discrete. Find a countable basis U3 2 Uy 2 Uz 2 --- in Fy(X) at e. According
to Proposition we may find w,, € U, such that |w,| = n. Since {U, }nen is a
countable base, we must have {w, }neny — € in F;(X). However, since |w,,| — 00, the
set {wy, | n € N} is closed in Fy(X) by Corollary 5.7 Therefore, e € {w,, | n € N}; a

[

contradiction.

It is a well-known theorem of R. Ellis [7] that every locally compact Hausdorff
quasitopological group is a topological group. Hence, free quasitopological groups
are only locally compact in trivial situations.

Corollary 5.11. If F,(X) is Hausdorff and non-discrete, then Fy(X) is neither
first countable nor locally compact.

It is possible for quasitopological groups, which are not topological groups, to
be constructed as quotients of topological monoids. This is only possible for free
quasitopological groups in trivial situations.

Corollary 5.12. If X is Ty and non-discrete, then there does not exist a topological
monoid M and a monoid epimorphism M — F,(X), which is a topological quotient
map.

Proof. If there existed such a quotient map M — F,(X), then the continuous
square map M — M, z — zx would imply that the square map Fy(X) — Fy(X)
is continuous; a contradiction of Theorem [5.10 g

To complete this section, we remark on separation axioms. Recall that a space X
is functionally Hausdorff if whenever a,b € X and a # b, there exists a continuous
function f : X — R such that f(a) # f(b). It is a theorem of B.V.S. Thomas
that a space X is functionally Hausdorff if and only if Fjs(X) is Hausdorff [23]
Theorem 0.1]. Hence, if X = R? with the irrational-slope topology, then X is
Hausdorff but Fis(X) is not. One might suspect that since F;(X) has a much finer
topology and a simpler “explicit” construction that the analogous statement might
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be true for free quasitopological groups. Unfortunately, some difficulty remains in
determining when F,(X) is Hausdorff. This difficulty appears to stem from the
lack of a convenient basis for the cross topology.

Problem 5.13. If X is Hausdorff, must F,(X) be Hausdorff?

Nevertheless, we can apply Thomas’ theorem to obtain a characterization for the
funcationally Hausdorff property.

Theorem 5.14. A space X is functionally Hausdorff if and only if Fy(X) is func-
tionally Hausdorff.

Proof. Since o : X — F,(X) is a continuous injection, one direction is clear. If
X is functionally Hausdorff, then F/(X) is Hausdorff by Thomas’ theorem. Since
all Hausdorff topological groups are Tychonoff, Fj;(X) is functionally Hausdorff.
Since the topology of Fi,(X) is finer than that of Fa(X), we conclude that F,(X)
is functionally Hausdorff. O

6. FREE QUASITOPOLOGICAL GROUPS ON SUBSPACES

When Y < X, the inclusion ¥ — X induces a continuous injection Fy(Y) —
F,(X). It is natural to ask when this is an embedding, i.e. when the subspace
topology on F(Y') inherited from Fi,(X) agrees with the free quasitopological group
topology. This problem has been studied extensively for free topological groups.
The following characterization is due to Sipacheva [2I, Theorem 1] who made use
of previous work by Pestov [16]: if X is a Tychonoff space, then the inclusion
Y — X induces an embedding Fj(Y) — Fj(X) if and only if every bounded
continuous pseudometric on Y can be extended to a continuous pseudometric on
X. Using our characterization of the topology of free quasitopological groups from
the previous section, we prove Theorem [I.2] which shows that the situation for free
quasitopological groups is far simpler.

Proof of Theorem[I.3 Let f : F,(Y) — F,(X) denote the continuous homomor-
phism induced by the inclusion Y — X. If Y is not closed in X, then f(F,(Y)1) =
FF(Y))nFy(X); is not closed in Fy;(X),. Hence, f(F,(Y)) is not closed in F,(X).

For the converse, note that by Lemma and Corollary it suffices to show
that the restriction f, : Fy(Y), — F,;(X), is a closed embedding for all n > 0. By
Theorem this is clear for n =0 and n = 1. Fix n > 2.

First, we show that the image Im(f,,) is closed in F;(X),,. Since i, is quotient, we
do so by proving that iy ' (Im(f,)) N Fu.v is closed in F,, , whenever |w|+|v| < n—1.
Suppose wzv € Fy,\ig (Im(fn)). Then i,(wzv) must contain a letter from
X\Y. IfzeY,let U =X\{ae X |aisaletter of wv and a # a}. If z € X\Y,
let U = (X\Y)\{a € X | ais a letter of wv and a # z}. In either case, wU is an
open neighborhood of wzv and if wzv € wU, then i,(wzv) contains a letter
from X\Y. Thus wU n izt (Im(f,)) N Fy, = &. This completes the proof that
Im(fy) is closed in Fy(X)s,.

We now prove f, is a closed embedding for fixed n = 2. Suppose C < F,(Y),, is
closed. Since iy is quotient and I'm(f,,) is closed, it suffices to show that i1 (f,(C))
is closed in i ' (Im(f,)). Fix words w,v in My (X u X~ 1) with |w| + |v] <n — 1.
We will show that iz'(f,,(C)) N Fy,p is closed in ig'(Im(fn)) N Fy.. Suppose
wzv € igt(Im(fn)) N Fuu\ipg (f.(C)). Then all letters of R(wzv) are from Y.
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Ifze X\Y,let U= (X\Y)\{ae X |ais a letter of wv and a # x} and consider
wU. If wzfv € wU n iyt (Im(f,)), then the definition of U and the fact that
x~¢ must appear an odd number of times in ww, ensures that z = z. Since,
wrv ¢ iy (fn(C)), we have wU n izl (f,(C)) = &.

Suppose & € Y. Then the reduced words i,(w) and i,(v) must contain only
letters from Y. Thus in(w)zfin(v) lies in the open set Fj_(y) i, (v)\in (C) and
so there exists an open neighborhood W of z in Y such that i,(w)W¢i,(v) N
i;1(C) = &. Find an open neighborhood U of z in X such that U nY < W
and U n {a € X | a is a letter of wv and a # z} = J. Consider the neighborhood
wU nigt(Im(f)) of wrv in Fy,, nigt(Im(f,)). Suppose wz¢v € wU with
z # x. Then in(wz) = in(w)zin(v). Since we must have in(wzv) € Im(fy),
we have z € Y. Thus z € W. We have i, (w)zin,(v) € in(w)W€i,(v) and thus
in(w)z¢in(v) ¢ iy 1(C). It follows that f,(in(w)2¢in(v)) = in(wzv) ¢ f,.(C). We
conclude that wU nigt(Im(f,)) < igt(Im(f))\igt(f.(C)). O

If we remove the condition in the statement of Theorem [[2] that the embed-
ding Fy(Y) — F4(Y) have closed image, then a full characterization is less clear.
However, we are able to identify a satisfactory partial solution.

Proposition 6.1. Suppose that X is Hausdorff. If the inclusion Y — X induces an
embedding f : Fy(Y) — F,(X) of free quasitopological groups, then'Y is sequentially
closed in X

Proof. Suppose f : Fy(Y) — Fy(X) is an embedding. Then the restriction Fy (Y ), —
F,(X)2 is also an embedding. Suppose to obtain a contradiction that Y is not se-
quentially closed in X. Then there exists a sequence {y;}jen of distinct elements
in Y such that {y;};en converges to a point x € X\Y. Let B = {y;y; ' € Fy(X)a |
k > j} and note e ¢ B.

Before proceeding, we note that for all j € N, the set S; = {yx | k > j} is closed
in Y. Indeed, if S; has a limit point y € Y\ S;, then we may separate y and z in X
by disjoint neighborhoods. In particular we may separate y and a cofinite subset
of §; with disjoint open sets. It follows that we may separate y and S; by disjoint
open sets in Y'; a contradiction.

First, we show that the identity e is a limit point of B in F,(X),. Let U be
an open neighborhood of e in F,(X)s. Now i;l(U) is an open neighborhood of
ezt in M = []°_,(X u X~1)®. Find an open neighborhood V; of # such that
Viz™! € iz (U). Find j such that y; € V3. Then iz*(U) is an open neighborhood
of y;z~! in M and so we can find an open neighborhood V3 of z in X such that
y; Vo ' € iy (U). Find k > j such that y; € Va. Now y;y, ' € i3 (U) and we have
ig(yjylzl) = yjygl eU. Thus BnU # .

To finish the proof, we will show that e is not a limit point of B in Fy(Y),
by showing that B is closed in F,(Y)s. It suffices to show iy'(B) is closed in
[T2_,(Y U Y~1)® Notice that iz (B) = {yjus' € Y @Y ! | k > j}. For fixed
k, the set Fe’ygl N iz (B) is finite and therefore closed. For fixed j, we have

Fy,enizy'(B) = {y;y; ' | k > j} which corresponds to the closed set {y; | k > j}
in Y under the canonical homeomorphism F,, . =Y. Thus F,; . niy 1(B) is closed
in F,, .. We conclude that i '(B) is closed in [ [7_ (Y LY~ 1)@ O

By combining Theorem [I.I] with Proposition [6.1} we obtain the following char-
acterization.
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Theorem 6.2. Let X be a sequential Hausdorff space and Y < X. Then the
inclusion Y — X induces an embedding Fy(Y') — Fy(X) of free quasitopological
groups if and only if Y is closed in X.

Example 6.3. Since w = {1,2,3,...} is not sequentially closed in its one-point
compactification w + 1 = w u {w}, the discrete group F,(w) does not topologically
embed onto its non-discrete image in Fj(w+1). Similarly, F,((0,1]) does not embed
onto its image in F,([0, 1]).

We conclude by mentioning that, in addition to Problem there remain
many interesting, unanswered questions. Some questions are analogues of well-
studied questions about free topological groups, which have been at least partially
resolved. For example: When is a quasitopological subgroup H < F,(X) isomorphic
to a free quasitopological group? How does the dimension of X (in the sense of
ind or dim) relate to the dimension of Fy(X)? Are there Tychonoff spaces X,Y
for which Fi(X) = Fp(Y) and Fy(X) # F,(Y)?
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