A COUNTABLE SPACE WITH AN UNCOUNTABLE FUNDAMENTAL
GROUP

JEREMY BRAZAS AND LUIS MATOS

AsstrACT. Traditional examples of spaces that have uncountable fundamental
group (such as the Hawaiian earring space) are path-connected compact metric
spaces with uncountably many points. In this paper, we construct a Ty compact,
path-connected, locally path-connected topological space H with countably many
points but with an uncountable fundamental group. The construction of H, which
we call the “coarse Hawaiian earring” is based on the construction of the usual
Hawaiian earring space H = | J,;»; C,, where each circle C,, is replace with a copy
of the four-point “finite circle.”

1. INTRODUCTION

Since fundamental groups are defined in terms of maps from the unit interval
[0,1], students are often surprised to learn that spaces with finitely many points
can be path-connected and have non-trivial fundamental groups. In fact, it has
been known since the 1960s that the homotopy theory of finite spaces is quite rich
[10, 14]. The algebraic topology has finite topological spaces has gained significant
interest since Peter May’s sequence of REU Notes [7, 8, 9]. See [2, 3, 5] and the
references therein for more recent theory and applications.

While it is reasonable to expect that all finite connected spaces have finitely gen-
erated fundamental groups, it is rather remarkable that for every finitely generated
group G one can construct a finite space X so that 71 (X, xp) = G. In fact, every finite
simplicial complex is weakly homotopy equivalent to a finite space [10]. In the
same spirit, we consider the consider fundamental groups of spaces with coarse
topologies.

Itis well-known that there are connected, locally path-connected compact metric
space whose fundamental groups are uncountable [4]. Since finite spaces can only
have finitely generated fundamental groups, we must extend our view to spaces
with countably many points. In this paper, we prove the following theorem.

Theorem 1. There exists a connected, locally path-connected, compact, Ty topological
space H with countably many points such that w1(H, wy) is uncountable.

To construct such a space, we must consider examples which are not even
locally finite, that is, spaces which have a point such that every neighborhood of
that point contains infinitey many other points. Additionally, since our example
must be path-connected, the following lemma demands that such a space cannot
have the T; separation axiom.

Lemma 2. Every countable Ty space is totally path-disconnected.
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Proof. If X is countable and T7 and «a : [0,1] — X is a non-constant path, then
{a7}(x)lx € X} is a non-trivial, countable partition of [0, 1] into closed sets. However,

it is a classical result in general topology that such a partition of [0, 1] is impossible
[12]. O

Ultimately, we construct the space H by modeling the construction of the tra-
ditional Hawaiian earring space H, which is the prototypical space that fails to
admit a universal covering space. The fundamental group of the Hawaiian earring
is an uncountable group which plays a key role in Eda’s homotopy classification
of one-dimensional Peano continua [6]. Due to the similarities between H and H,
we call H the coarse Hawaiian earring.

2. FunpaMEeENTAL GROUPS

Let X be a topological space with basepoint xg € X. A path in X is a continuous
function «a : [0,1] — X. We say X is path-connected if every pair of points x,y € X
can be connected by a path p : [0,1] — X with p(0) = x and p(1) = y. All spaces in
this paper will be path-connected.

We say a path p is a loop based at x¢ if a(0) = a(1). Let Q(X, xo) be the set of
continuous functions p : [0, 1] — X such thatp(0) = p(1) = xo. Leta™ : [0,1] — X be
the reverse path of o defined as a™(t) = a(1 —t). If a and B are paths in X satisfying
a(1) = B(0), let a - B be the concatenation defined piecewise as

a2, 0<t<i
“'ﬁ(t)_{ﬁ(zt—l), Lop<n,

More generally, if ay, ..., a, is a sequence of paths such that a;(1) = a;+1(0) for
i=1,..,n—1,1et [, a; be the path defined as a; on the interval [% i]

Two loops a and B based at x; are homotopic if thereisamap H : [0,1] x[0,1] — X
such that H(s,0) = a(s), H(s,1) = B(s) and H(0,t) = H(1,t) = x¢ for all 5,¢ € [0, 1].
We write a ~ § if @ and f are homotopic. Homotopy = is an equivalence relation
on the set of loops (X, xp). The equivalence class [a] of a loop «a is called the
homotopy class of a. The set of homotopy classes 1(X,xp) = Q(X,x0)/ = is
called the fundamental group of X at x. It is a group when it has multiplication
[a]#[B] = [a-fland [a]! = [a~]istheinverse of [a] [11]. A space X is simply connected
if X is path-connected and m1(X; x¢) is isomorphic to the trivial group. Finally, a
map f : X — Y such that f(xo) = yo induces a well-defined homomorphism
fo: (X, x0) = w1 (Y, yo) given by f([a]) = [f o a].

Fundamental groups are often studied using maps called covering maps. We
refer to [11] and [13] for the basic theory of algebraic topology.

Definition 3. Letp : X - Xbea map. An open set U C X is evenly covered by p if
p~H(U) C X is the disjoint union ], V1 where V), is open in X and plv, :Va—-> U
is a homeomorphism for every A € A. A covering map is a map p : X — X such
that every point x € X has an open neighborhood which is evenly covered by p.
We call p a universal covering map if X is simply connected.

An important property of covering maps is that for every path a : [0,1] — X
such that @(0) = xo and point y € p~'(xo) there is a unique path @, : [0,1] - X
(called a [ift of a) such that p o, = p and o, (0) = y.
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Lemma 4. [11] A covering map p : X — X such that p(y) = xo induces an injective
homomorphism p. : (X, y) = m(X,x0). If @ : [0,1] — X is a loop based at xy, then
[a] € p.(m1(X, y)) if and only if a, (1) = y.

A covering mapp : X — Xinduces a lifting correspondence map ¢ : 71(X, xg) —

p~!(xo) from the fundamental group of X to the fiber over xo. This is defined by the
formula ¢([a]) = ay(1).

Lemma 5. [11] If p : X - Xisa covering map, then the lifting correspondence ¢ :
(X, x0) = p~H(xo) is surjective. If p is a universal covering map, then p is bijective.

Example 6. Let S' = {(x, y)lx> + y> = 1} be the unit circle and by = (1,0). The
exponential map € : R — S, e(t) = (cos(27t), sin(27tt)) defined on the real line is a
covering map such that €71(0) = Z is the set of integers. The lifting correspondence
for this covering map ¢ : 71(S!,by) = € '(bg) = Z is an isomorphism when Z is
the additive group of integers.

3. SOME BASIC FINITE SPACES
A finite space is a topological space X = {x1, xp, ..., x,} with finitely many points.

Example 7. The coarse interval is the three-point space I = {0, 1/2, 1} with topology
generated by the basic sets the sets {0}, {1}, and I. In other words, the topology of I
isTy = {I/ {O}r {1}1 {0/ 1}/ 0}

©® -« ©
O T2 1

Ficure 1. The coarse interval I. A basic open set is illustrated here
as a bounded region whose interior contains the points of the set.

The coarse interval is clearly Ty. It is also path-connected since we can define a
continuous surjection p : [0,1] — I by
0, te€[0,1/2)
p(t)=41/2 t=1/2
1, te(1/2,1]
and the continuous image of a path-connected space is path-connected. A space

X is contractible if the identity map id : X — X is homotopic to a constant map
X — X. Every contractible space is simply connected.

Lemma 8. The coarse interval I is contractible.

Proof. To show I is contractible we define a continuous map G : I X [0,1] — I such
that G(x,0) = xforx € Iand G(x, 1) = 1/2. ThesetC = ({0, 1}x[1/2, 1))u({1/2}x][0, 1])
is closed in I x [0, 1]. Define G by
0, (st)€{0}x[0,1/2)
G(s,t) =<1/2, (s,t)eC
1, (1) e{l}x][0,1/2)

This function is well-defined and continuous since {0} and {1} are open in I. m]



4 JEREMY BRAZAS AND LUIS MATOS

Corollary 9. I is simply connected.

Forn=0,1,2,3,letbh, = (cos (”7“) ,COS (”7”)) € S! be the points of the unit circle
on the coordinate axes, i.e. by = (1,0), b; = (0,1), b, = (-1,0), and b3 = (0, -1).
Example 10. The coarse circle is the four-point set S = {bjli = 0,1,2,3} with the

topology generated by the basic sets {by, b1, b2}, {b2, b3, bo}, {bo}, and {b,}. The entire
topology of S may be written as Ts = {S, {by, b1, b2}, {b2, b, bo}, {bo, b2}, {bo}, {b2}, 0}.

Ficure 2. The coarse circle S and it’s basic open sets.

Observe that the open sets U; = {by, b1, by} and U, = {by, b3, by} are homeomor-
phic to I when they are given the subspace topology. Since S is the union of two
path-connected subsets with non-empty intersection, S is also path-connected.

4. THE COARSE LINE AS A COVERING SPACE

The main purpose of this section is to show that the fundamental group 71 (S, bo)
of the coarse circle is isomorphic to the infinite cyclic group Z, i.e. the additive
group of integers.

Example 11. The coarse lineis theset L = {} € R|n € Z} with the topology generated

by the basis % consisting of the sets A, = {7} and B,, = {3, %, ”T”} foreachn € Z.

Even though L is not a finite space, it is a countable space with a T but non-T;
topology.

FCERECEIRE<cFINESCEIROr

-1 -12 0 172 1 -
Ficure 3. Thebasic open sets generating the topology of the coarse

line L.

Lemma 12. L is simply connected.

Proof. The set L, = LN [—ﬂ 2| is open in L since it is the union of the basic sets

272
By = {5, ZH B}k = —n, .., n — 1 with the subspace topology of L. We prove

using induction that L, is simply connected. Since By = I for each k, By is simply
connected for each k. Observe that L; = B_; U By where B_; N By = {0} is simply
connected since it only has one point. By the van Kampen Theorem [11], L;
is simply connected. Now suppose L, is simply connected. Since L,, B,, and
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L, N B, = {3} are all simply connected, L, U B, is simply connected by the van
Kampen theorem. Similarly, since L, UB,,, B_,—1,and (L, UB,)NB__; = {-5} areall
simply connected, L,+; = B_,—1 U L, U B,, is simply connected by the van Kampen
theorem. This completes the proof by induction.

Since L is the union of the path-connected sets L, all of which contain 0, it follows
that L is path-connected. Now suppose a : [0,1] — Lis a path such that a(0) = a(1).
Since [0, 1] is compact, the image a([0, 1]) is compact. But {L,|n > 1} is an open
cover of L such that L, C L. Since a must have image in a finite subcover of
{LyIn > 1}, we must have a([0,1]) € L, for some n. But L, is simply connected,
showing that « is homotopic to the constant loop at 0. This proves m;1(L, 0) is the
trivial group, i.e. L is simply connected. m]

Just like the usual covering map € : R — S used to compute 111(S', by), we
define a similar covering map in the coarse situation.

Example 13. Consider the function p : L — S from the coarse line to the coarse

circle, which is the restriction of the covering map € : R — S'. More directly, define

p (%) = Dpmods- We check that each non-empty, open set in S can be written as a

union of basic open sets in L. Since

o p({bo}) = Z = Urez Axk

o (b)) = 3 + Z = Uz Ak
o pH(U1) = Ugez B

o p ' (Uz) = Ugez Bars1

we can conclude that p is continuous.
Lemma 14. p : L — S is a covering map.

Proof. We claim that the sets U;, U, are evenly covered by p. Notice that p~1(L;) =
Ukez Box is a disjoint union where each By is open. Recall that both By, and U, are
homeomorphic to I; specifically plp,, : Box — Uy is a homeomorphism. Thus Uj is
evenly covered. Similarly, p‘l(llz) is the disjoint union | Jiez Box+1 where each Bojy1
is open and is mapped homeomorphically on to U, by p. o

Since p : L — S is a covering map and L is simply connected, p is a universal
covering map. The proof of the following theorem is similar to the proof that the
lifting correspondence for € is a group isomorphism. We remark that even though
L is not a topological group, for each n € Z, the shift map o, : L — L, o(t) =t +nis
a homeomorphism satisfying p o ,, = p.

Theorem 15. The lifting correspondence ¢ : 11(S, bo) — p~1(bo) = Z. is a group isomor-
phism where Z. has the usual additive group structure.

Proof. Since p : L — S is a covering map and L is simply connected, ¢ is bijective
by Lemma 5. Suppose a,f : [0,1] — S are loops based at by. Respectively, let
ap :[0,1] —» L and .EO : [0,1] — L be the unique lifts of a and f starting at 0. Since
ap(1) € p(by) = Z, we have ¢([a]) = ag(1) = n for some integer n. Similarly,
o([B]) = Eo(l) = m for some integer m.
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Consider the concatenated path y = ag - (0, © Eo) :[0,1] — L from 0 to m + n.
Since p o 0, = p, we have
po @ (@n o o))
(p o ao) - (p oo po)
= (poao)-(popo)
= - ‘B
which means that y is a lift of « - § starting at 0. Since lifts are unique, this means

y = a-B,. It follows that ¢([a][B]) = ¢([a - B]) = a-By(1) = y(1) = m + n. This
proves ¢ is a group homomorphism. o

pey

Both 711(S', bg) and 7t1(S, by) are isomorphic to the infinite cyclic group Z. In fact,
we can define maps which induce the isomorphism between the two fundamental
groups.

Let f : R — L be the map defined so thatf((% -1+ %)) = 5 and f(% + %) =
2 + 1 for each n € Z. Notice that p o f is constant on each fiber e7!(x), x € S..
Therefore, there is an induced map g : S — Ssuch thatgoe=po f.

Proposition 16. The induced homomorphism g. : 71(S,by) — (S, bo) is a group
isomorphism.

Proof. Recall that €71(by) = Z and p~'(by) = Z and notice that the restriction to the
fibers f|z : Z — Z. is the identity map. Leti : [0, 1] — R be the inclusion and note
foi:[0,1] = Lis a path from 0 to 1. The group 71(S!, by) is freely generated by
the homotopy class of & = € o i and 711(S, by) is freely generated by the homotopy
classof po foi. Since g.([eoi]) = [goeoi] =[po f oi], g. maps one free generator
to the other and it follows that g. is an isomorphism. ]

5. THE cOARSE HAWAIIAN EARRING

LetC, = {(x, y) eRY(x— 1y +42 = %} be the circle of radius 1 centered at (}1, 0).
The Hawaiian earring is the countably infinite union H = (J,»; C, of these circles
over the positive integers. We model this construction by replacing the usual circle

with the coarse circle studied in the previous sections.

Ficure 4. The Hawaiian earring H
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Let wy = (0,0), and for integers n > 1 define x,, = (%,—%), Yn = (%,0), and

2z, = (%, %) Let Dy, = {wo, Xy, Yn, z«} and H = |51 Dy. Note that H is a countable
subset of H.

Definition 17. The coarse Hawaiian earring is the set H with the topology generated
by the basis consisting of the following sets for each n > 1: {x,}, {zu}, {Xn, Y, 24},
and V, = szn D;j U {xyln 2 1} U {z,|n > 1}.

Notice that V,, = H\{y1, ..., y»-1} contains all but finitely many of the finite circles
D;. These sets form a neighborhood base at wy so that H is not an Alexandrov-
discrete space in the sense of [1].

Lo L Z
< <

Ficure 5. The underlying set of the coarse Hawaiian earring H
(left) and the basic open set Vg (right).

Proposition 18. H is a path-connected, locally path-connected, compact, Ty space which
is not Ty.

Proof. Notice that the set D, C H is homeomorphic to the coarse circle S when
equipped with the subspace topology of H. Since D,, is path-connected and wy € D,
for each n > 1, it follows that H is path-connected.

To see that H is locally path-connected, we check that every basic open set is
path-connected. Certainly, {x,} and {z,} are path-connected. Since {x,, yu, z,} is
homeomorphic to I when it is given the subspace topology of H, this basic open set
is path-connected. Additionally, the subspace {wy, x,, y»} € H is homeomorphic to
I and is path-connected. Therefore, since V,, is the union | J jon Dn U Ups1iwo, xn, Y}
of sets all of which are path-connected and contain wy, we can conclude that V,, is
path-connected. This proves H is locally path-connected.

To see that H is compact let % be an open cover of H. Since the only basic open
sets containing wy are the sets V,, there mustbe a Uy € % such thatw, € V,, € Uy for
somen. Fori=1,..,n-1,find aset U; € % such thaty; € U;. Now {Uy, U, ..., Uy-1}
is a finite subcover of % . This proves H is compact.

To see that H is Tj, we pick two points a,b € H. If a = wy and b = y,, then
ae€Vyabuth ¢ V. Ifa=wyand b € {x,,z,}, then b lies in the open set {x,, ¥4, z,}
buta does not. If a € {x,,, z,} and a # b, then {a} is open and does not contain b. This
concludes all the possible cases of distinct pairs of points in H proving that H is Tj.
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H is not Ty since the every open neighborhood V,, of wy contains the infinite set
Unzl{w()/ xnrzn}- (]

Since D,, = S, by Theorem 15, we have m1(D,,, wy) = Z for each n > 1. Recall that
if A is a subspace of X, then a retractionisamap r: X - Asuch thatr]s : A - A
is the identity map.

Proposition 19. For each n > 1, the function r, : H — D,, which is the identity on D,
and collapses ., Dj to wo is a retraction.

Proof. Since D,, is a subspace of H it suffices to show r, is continuous. We have
(o)) = {oad, 7 (zad) = {zad, 70 (X Yo 20)) = (X, Y 20}, and 73, ({wo, X, yu}) =
{xn} Uy U Vi U Uj<n{x]-, Yyj,zj}. Since the pullback of each basic open set in D,
is the union of basic open sets in H, r, is continuous. |

Corollary 20. H is not semi-locally simply connected at wy.

Proof. Fix n > 1. We show that V,, contains a loop a which is not null-homotopic
in H. Let a : [0,1] — D, be any loop based at wy such that [¢] is not the identity
element of m1(D,, wp). Leti: D, — H be the inclusion map so that r, o i = idp,
is the identity map. Since m; is a functor, (r4). 0 i = (1, 0 i). = idy D, w,) is the
identity homomorphism of m1(D,,, w). In particular, i o & is a loop in H with image
in D, € V, such that (r,).([i o a]) = [a] is not the identity of 71(D,, wp). Since
homomorphisms preserve identity elements, [i o a] cannot be the identity element
of 1 (H, wy). O

Definition 21. The infinite product of a sequence of groups Gi,Go, ... is denoted
1,51 Gn and consists of all infinite sequences (g1, g, ...) with g, € G, foreachn > 1.
Group multiplication and inversion are evaluated component-wise. If G, = Z for
each nn > 1, then the group ][], Z consisting of sequences (111, 12, ...) of integers is
called the Baer-Specker group.

Infinite products of groups have the useful property that if G is a fixed group
and f, : G — G, is a sequence of homomorphisms, then there is a well-defined

homomorphism f : G = [],s1 Gu given by £(g) = (f1(), (), ...).
Lemma 22. The infinite product [],51 m1(Dy, wo) is uncountable.

Proof. If each G, is non-trivial, then G, contains at least two elements. Therefore
the product [],,5; G, is uncountable since the Cantor set {0, 1}N = [],51{0,1} can be
injected as a subset. In particular, the Baer-Specker group is uncountable. Since
111(Dy, wo) = Z for each n > 1, the infinite product [, 711(D,, wp) is isomorphic
to the Baer-Specker group and is therefore uncountable. O

Let A, : [0,1] — D, be the loop defined as

wy, te {0,1}
Cx, te(0,1/2)
Au(t) = o E=1/2

zy, te€(1/2,1)
This function is continuous and therefore aloop in D,,. In particular, our description

of the universal covering of S in the previous section shows that the homotopy class
[A4] is a generator of the cyclic group 1(D,,, by).
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Definition 23. Suppose for each 1 > 1, we have a continuous loop «,, : [0,1] - H
based at wy with image in D,,. The infinite concatenation of this sequence of loops is
the loop @ : [0,1] — H defined as follows: for each n > 1, the restriction of o to

[”—_1 L] is the path a,, and @ (1) = wy.

n 7 n+l

Lemma 24. a. is a continuous loop such that [r, o ae] = [aty] for eachn > 1.

Proof. Since each loop a, is continuous and each concatenation «a, - a,+1 is con-
tinuous, it is enough to show that a. is continuous at 1. Consider a basic open
neighborhood V,, of aw(1) = wy. Since a; has image in V), for each i > n, we have

aw( ”n;l,ll) C V,. In particular, 1 € (”7_1,1] C f4(V,). This proves that a. is
continuous.
Since r,, 0 is defined as a;; on [”T_l, ~5 | and is constant at wg on [O, "T_l U [#, 1]

(and the suitable arrangement whenn = 1. Therefore r, oa, is homotopictoa,. O
Theorem 25. 711 (H, wy) is uncountable.

Proof. We have a sequence of homomorphisms (r,). : mi(H,wp) — 71(Dy, wo).
Together these induce a homomorphism r : 11 (H, wp) = [],,51 m1(Dy, wo). given by

r([a]) = ((r)-([a]), (r2)-(al), ...) = ([r1 0 a], [r2 0 a], ...).

By Lemma 22, the infinite product [, 11(Dy, wp) is uncountable. We claim that
r is onto.

Suppose (91,82, ) € [l,s1 m1(Dy, wo) where g, € m1(D,, wp). Since gy, is an
element of the infinite cyclic group m1(D,, wo) generated by [A,], we may write
gn = [An]™ for some integer m, € Z.

For each n > 1, define a loop a;, as follows:

| if m, >0
a, =< constant at wy, ifm, =0
A, if m, <0

Notice that a,, is defined so that g, = [A4,]™ = [a,]. Let aw : [0, 1] — H be the loop

based at wy which is the infinite concatenation as in Definition 23. By Lemma 24,

we have [r o ax] = [ay] = gu for each n > 1. Therefore r([a]) = (31,2, ...). This
proves that r is onto.

Since 71 (H, bp) surjects onto an uncountable group, it must also be uncountable.

[m}

We conclude that there is a Ty space with countably many points but which has
an uncountable fundamental group.
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