FURTHER RESULTS ON VANISHING COEFFICIENTS IN THE SERIES
EXPANSION OF LACUNARY ETA QUOTIENTS

TIM HUBER, JAMES MCLAUGHLIN, AND DONGXI YE

ABSTRACT. For a function A(q) =3, ., ang", define
A(Q) = {1’L eN:a, = 0}.

If A(g) and B(q) are two functions for which A« = By, then we say that A(q) and B(g) have
identically vanishing coefficients.

In a previous paper the present authors proved the existence of various pairs (A(q), B(q)) of
lacunary eta quotients with identically vanishing coefficients, the work in that previous paper being
motivated by a result of Han and Ono, who showed that f{ and f3/f1 have identically vanishing
coefficients (here f; = []°° (1 — ¢'")). In each of these pairs, one of the eta quotients was a power
of f1, whose lacunarity was described in a paper by Serre.

Further experiments indicate that the results in this previous paper were just the “tip of the
iceberg”. For example, experiment found another 41 eta quotients B(gq) whose coefficients appear
to vanish identically with those of A(q) = f{. In addition, experiment found another 130 eta
quotients C(q) for which A ; C(oy appears to hold. Further, if the sets of vanishing coefficients
are partially ordered by inclusion, then it appears these 172 eta quotients may be grouped into 28
collections, with the eta quotients in each collection having identically vanishing coefficients.

A situation similar to that described above for f{ appears to also hold for f7, r = 4,8,10, 14
and 26, and for f{f3. In this paper we give a comprehensive description of what experiment
appears to suggest for all of these cases, and employ a variety of methods to prove many of these
experimentally-derived results.

An example of one of our results is the following: if A(q) = f¢ and B(g) is any one of the other
171 eta quotients mentioned above, then we prove that Ay C By (we prove a similar result for
all the other cases mentioned in the preceding paragraph).

1. INTRODUCTION

The work in the present paper is a continuation of work begun in [I7], and that work in turn
was motivated by a result of Han and Ono in [12]. To state this result, first define the sequences
{an} and {b,} by
(1.1) f18 =: Zanqnv 3= anqna fi= H(l —q"), i€ Z".

n=0 fl n=0 n=1

The result of Han and Ono may be stated as follows.

Theorem 1.1. (Han and Ono, [12, Theorem 1.4, page 307]) Assuming the notation above, we
have that

(1.2) an =0 if and only if b, =0.
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Moreover, we have that a,, = b, = 0 precisely for those non-negative n for which ordy(3n + 1) is
odd for some prime p =2 (mod 3).

Their result motivated the work in [I7], where experimental investigations were conducted to
determine if a similar situation held for other pairs of eta quotients. Recall that an eta quotient is
a finite product of the form Hj f;”, for some j € N and some n; € Z, and that if all n; > 0 the
product is termed an eta product.

What was eventually proven in [I7] may be summarized as follows.

Theorem 1.2. (Huber, Mc Laughlin, Ye [I7, Theorems 3.1, 4.1, 5.2, 6.1 - 11.1))
Let (A(q), B(q)) be any of the pairs

IO () () (e 3) 0 5)0)
13) { ( v )\ ) oA ) g ) U ) e )

For any such pair (A(q), B(q)), define the sequences {an} and {b,} by
(1.4) Alg) =) ang",  Blg) =Y bug™
n=0 n=0

Then

an =0 if and only if b, =0,
with the criteria determining precisely the n for which a, = b, = 0 being those of Serre for a, = 0.
For the pairs

oo ((#5)- (7 5))

one has that
anpb=2"b,=0
if 12n 4+ 13 satisfies a criteria of Serre for a, = 0.

Remark 1.3. For a precise statement of the criteria under which a, = b, = 0, see Serre’s paper

[29] or Theorem|[3.4)

Before discussing this phenomenon further, we introduce some new notation. For a function

A(q) = >0 ang" we write
A(O) Z:{HGNZGHZO}

If A(q) and B(q) are two functions for which A5y = B(q), then for ease of discussion, we say that the
coefficients of A(q) and B(q) vanish identically, or that A(q) and B(q) have identically vanishing
coefficients. If Ay C B(g), we say that A(q) has vanishing behavior similar to B(q).

A series Y7 c,q" satisfying

L H0Sn<ale) =0}

T—00 T

1.

is said to be lacunary, and indeed Serre showed that all the first components of each pair in ([1.3)

and ((1.5)) are lacunary.
Theorem implies that all three eta quotients in each of the following triples

A4} (e 5) (- 00) L )
1> 22’,]032 ’ 1> 127](-51 ’ 1 7f17f12 ’ 1 7f17f16

have identically vanishing coefficients, and thus all 12 of these eta quotients are lacunary. This
observation caused us to wonder if this phenomenon of identically vanishing coefficients might exist

more widely, so we conducted further experiments.
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What we discovered experimentally appeared to suggest that the results in Theorem [1.2| were,
in fact, just “the tip of the iceberg”. For example, our limited search (see Section [2| for details
about the extent of this search) found 42 eta quotients B(q) for which it appears fJ 0 = B)- In
addition, this search found 130 additional eta quotients with the property that for each such eta
quotient B(q), it seems f{j(o) S B(). Moreover, it appears that all 172 eta quotients B(g) may
be organized into 28 collections (labelled I - XXVIII in what follows) in a tree-like structure by
partially ordering the corresponding Byg) by proper inclusion.

Table 1: Eta quotients with vanishing behaviour similar to f¢

Collection # of eta quotients in Collection || Collection # of eta quotients in Collection

I 42 I 4
111 4 v 16
A% 2 VI 2
VII 4 VIII 4
IX 4 X 10
X1 2 XII 4
XIII 8 XIV 4
XV 8 XVI 10
XVII 2 XVIII 2
XIX 2 XX 4
XXI 6 XXII 2
XXIII 4 XXIV 4
XXV 4 XXVI 2
XXVII 6 XXVIII 6

Thus, for example, all 8 eta quotients in the collection labelled XV appear to have identically
vanishing coefficients (and likewise for any other pair of eta quotients that both lie in any of the
other collections). Note that collection I is the one containing f{. The relationships between eta
quotients in different collections is illustrated in the following picture.



XXV

FIGURE 1. The grouping of eta quotients in Table[9] which have vanishing coefficient
behaviour similar to fJ

Thus the arrow from XXVII to XVIII indicates that if A(g) is any of the 6 eta quotients in
collection XXVII and B(q) is any of the 6 eta quotients in collection XVIII, then A ) S By A
similar meaning for any other arrow, in this figure or any of the other figures in the paper, is to be
understood.

These vanishing coefficient phenomena are more easily understood if a dilation ¢ — ¢¢, where
¢ > 11is a positive integer, is applied to an eta quotient A(q) = > a,q¢" and the result is multiplied by
q?, where d > 1 is a positive integer to produce a modular form A’(q) = 3" a,¢*"*?. In particular,
throughout the remainder of this work, we call A(q) an eta quotient of weight k& whenever its
associated modular form A’(q) is of weight k. The greater structure of the lacunary modular form
A'(q) maybe be used to get precise information about when a,, = 0 (see Section [3] for more detailed
explanation of this).

We stress that at this point we have not proven all of the hundreds of examples of these “A ) =
Bp)” and “A(g) ;Cé B(p)” phenomena. We indicate various procedures whereby a particular example
may be proved (with varying degrees of difficulty) in particular cases, if sufficient information (for
example, representations of the eta quotient in terms of CM forms and theta series) is available.
We prove several examples in later sections by way of illustration.

We briefly preview the method of proof here by way of some examples, but before getting to that,
we recall that 7(z) = ¢/?*f1, where ¢ = €2™*, is the Dedekind eta function. If A(q) = 5= a.q"
then by considering 7(42)® = 3" a,¢*"*!, Serre [29] showed that a,, = 0 if and only if 4n 4 1 has a
prime factor p = —1 (mod 4) with odd exponent. If B(q) = f2f3 = >_°° , bnq", then by considering
n(42)*n(82)% = 3°0°  bpg™™ T, it was shown in [I8, Theorem 1.1, part (2)] that b, = 0 if and only
if 4n + 1 has a prime factor p = —1 (mod 4) with odd exponent, and thus A ) = Bg). Similarly,
if C(q) = fifs = Y02 cnq”, by considering 7(42)n(202) = >0 ¢,g"™ T, it was shown in [I8]
Theorem 1.1, part (15)] that ¢, = 0 if and only if 4n+ 1 has a has a prime factor p # 1,9 (mod 20)
with odd exponent, thus showing that A ; Coo)-
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These examples provide some insight into the tree-like structure exhibited in Figure (1, and the
other figures, as follows. Let A(q) = > a,q" and B(q) = >_b,q¢™ be two eta quotients, and let
A(q) = Y ang™+? and B'(q) = . b,q" " be the corresponding modular forms. Suppose that
a, = 0 if and only if the prime factorization of en + d satisfies some specified condition (such as
containing a prime factor p =3 (mod 4) with odd exponent, or consisting entirely of primes = 11
(mod 12) with even exponents). If b, = 0 under exactly the same conditions, then Ay = B
and hence A(q) and B(q) lie in the same collection. On the other hand, if b, = 0 under the same
conditions but b, = 0 also if some other condition on the prime factorization of cn + d is satisfied,
then A q) ;Ct B, and in the figure showing the relationships between the various collections of eta
quotients, there would be an arrow from the collection containing A(q) to the collection containing
B(q).

An obvious question that arises is the following: If A(q) is any lacunary eta quotient, does a
similar situation hold? In other words, do there exist other lacunary eta quotients B(q) such that
Ay = By or Ay & B)? To study this question we conducted a similar investigation of a
lacunary eta quotient in one of the infinite families of such lacunary eta quotients given by Ono
and Robins [25, page 1027], namely the simplest case of their first infinite family, f7f5. It turns
out that a similar situation holds (see Table 19| and Figure . Moreover, we also find a criterion
for the vanishing of the coefficients of f f3 in a fashion of Serre’s (see Theorem .

In this work, we shall exemplify both relations Ay) = By and A ; Byq) for a large number of
eta quotients A(q) and B(q) with a tree structure rooted in f for r € {1,2,3,4,6,8,10,14} or f}f3
in order to provide the reader with some insight into the study of these phenomena. To facilitate
the reader with browsing the examples we shall prove, we summarize all of them in the following
table as a directory for the reader.

Table Number (Group) of A(q) Number (Group) of B(q)  Relation Location

E 1-6(I) 1-6(I) Ay = By  Theorem E
g 1-4() 1 4 (I) Ay = By  Theorem 4.6
0 1-4(I) - 10 (IT) A0) S By  Theorem [1.7]
i 5- 10 (IT) - 10 (11) Aq)=B(p) Theorem [I]
o) 1-6 (1) 1 6 (I) Ay =By  Theorem 4.9
5! 1-6(I) 12 (IT) A@) & Boy Theorem (4.9
E 7-12 (H) 7 12 (I ) A(O) = B(O) Theorem _9
7 1(I) 139 - 142 (XVII) A@) & By Theorem|5.3
f 139 - 142 (XVII) 145- 150 (XIX)  A¢) & Bigy  Theorem 5.3
7 139 - 142 (XVII) 139 - 142 (XVII)  Ag) =By Theorem 5.3
7 145 - 150 (XIX) 145 - 150 (XIX) ©) = By  Theorem 5.3
7 1 (1) 120 (XI) 0 & By Theorem[5.5
Z 1 (I) 91, 93, 95 (VH) (0) ; (0) Theorem ﬁ
7 1(I) 131 (XIV) Aw) & By  Theorem [5.

74 (II) 75 (1I) Aw) =By Theorem [5.7]
g 1(I) 22 (I) A(O) = B(O) Equation (5.13
g 1 (1) 130 (XVIII) Awy S By Equation (5.13
9 1(I) 141 (XXII) Ay & Boy Equation (5.13
@ 1 (I) 153 (XXV) A(O) ; B(O) Equation (5.13
g 1(I) 161 (XXVIII) Ay & By Equation (5.14
9 1(I) 170 (XXIX) Ay & Boy Equation (5.14
@ 1 (I) 65 (IV) (0) ; B(O) Theorem [5.11
9) 1(I) 151 - 154 (XXV) Aw) & By Theorem [5.12
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151 - 154 (XXV)
151 - 154 (XXV)
1 (I)

161 - 162 (XXVIII)
161 - 162 (XXVIII)
167 - 172 (XXIX)

1 (1)

e e e e e e e e e e e e DN

141 - 14
141 - 14
151 - 15

(XXII)
(XXII)
(
)

(S IS

—_
—~
—

147 - 150 (XXIV)
147 - 150 (XXIV)
103, 104 (IX)
121, 122 (XIV)
129, 130 (XVIII)
137, 138 (XX)
149, 150 (XXIV)
7,8 (I)

9, 10 (I)

107 - 110 (XXIV)
107 - 110 (XXIV)
111 - 116 (XXV)
3,4 (I)
5,6 (1)

151 - 154 (XXV)
167 - 172 (XXIX)
161 - 162 (XXVIII)
167 - 172 (XXIX)
161 - 162 (XXVIII)
167 - 172 (XXIX)
46 (II)

49 (II0)

1 (1V)

25, 33 (I)

67 (V)

129 (XVIII)
145 (XXIII)
41 (1)

43 (II)

107 (XIV)
139 (XXII)

59 (IV)

14 (I)

90 (V)

128 (XVII)
141 - 144 (XXII)
151 - 156 (XXV)
141 - 144 (XXII)
151 - 156 (XXV)
147 - 150 (XXIV)
151 - 156 (XXV)
147 - 150 (XXIV)
131, 132 (XIX)
131, 132 (XIX)
141, 142 (XXII)
143, 144 (XXII)
151, 152 (XXV)

127 (XVII)
107 - 110 (XXIV)
111 - 116 (XXV)
107 - 110 (XXIV)
111 - 116 (XXV)

86, 89 (XVII)
87, 88 (XVII)
6

A(o) = Bo)
A % Byo)
A0y & B
Aw) & B
A(o) = Bo)
A0y = B(o)

©0) = B
Aw) & B
A0y = B(o)
A(o) € Bo)
Aw) & B
Aw) & B
Aw) & B
Aq) € B
A) % B
Ao z Bg)
Aw) Z B
Aw) & B
A(o) = Bo)
Ay & B
Aw) & B
Aw) & B
Ay & B
A(o) = Bo)
A(o) = Bo)
Ay & B
A) & B
A(0) = Bo)
Aw) & B
A) & B
Aw) & B
Ay & B
A & B
Aw) & B
A0) & B
A & B
Aw) & B
Aw) & B
A & B
Aw) & B
Aq) € B

Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Equation
Equation
Equation
Corollary
Corollary
Corollary
Corollary
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem
Theorem

0.12

5.12

5.12

0.12

5.12

5.12

.13

.13

5.15
5.17]
0.17

5.17]

.17

.18

5.18

0.18

.18

5.19

5.33

.33

5.33

5.20

.20

5.20

5.20

0.21

5.21

5.21

.23

5.23

5.23

.23

5.23

.26

0.20)

5.26

.26

0.20)

5.26

.26

.28

0.28

5.29

.29

5.29

5.29

0.30)

5.30




21, 22 (I) 87, 88 (XVII) Ay & Boy Theorem [5.30
43, 44 (IIT) 83, 84 (XVII) Ay & By  Theorem [5.30
19, 50 (V) 91, 92 (XVIII) Ay & By  Theorem [5.30
51, 52 (V) 91, 92 (XVIII) Ay & By Theorem [5.30
61, 62 (VIH) 97, 98 (XX) A(O) ; B(O) Theorem [5.30
69, 70 (XI) 99, 100 (XXI) Aw) & By Theorem [5.30
71, 72 (XI) 99, 100 (XXT) © & By Theorem [5.30
1 (I) 71 (XI) A(O) ; B(O) Theorem [5.33
1(I) 81 (XVI) Aw) & By Theorem [5.34

1 (I) 93, 95 (XIX) Ay S By Theorem [5.35

1 (I) 101 (XXH) A(O) ; B(O) Theorem [5.35
1(I) 81 - 84 (XIV) Aw) & By Theorem [5.36

81 - 84 (XIV) 86 - 90 (XV) Ay & Boy Theorem [5.36
81 - 84 (XIV) 81 - 84 (XIV) Aq)= Bo) Theorem [5.36
86 - 90 (XV) 86 - 90 (XV) A(O) = B(O) Theorem [5.36
3,4 (I) 67, 68 (VIII) Ay & By Theorem [5.37]
37, 38 (1) 65, 66 (VIIT) Aw) & Bio) Theorem [5.37
39, 40 (111) 65, 66 (VIII) Aw) & By Theorem [5.37
41, 42 (IV) 73, 74 (X) Ay & By Theorem [5.37]
43, 44 (IV) 73, 74 (X) Aw) G Big) Theorem [5.37
45, 46 (V) 79, 80 (XIII) Aw) & By Theorem [5.37
1(I) 41, 43 (IV) Ay & Boy Theorem [5.40

1 (I) 45 (V) A(O) ; B(O) Theorem [5.40
1(I) 53 (VI) Ay & By Theorem [5.45
1(I) 83 (XI) Ay & Boy Theorem [5.46

1 (I) 105 - 110 (XVII) Aw) S By Theorem [5.47]

105 - 110 (XVII) 111- 116 (XVII) Ay S By Theorem [5.47
105 - 110 (XVII) 105- 110 (XVI) Ay = By Theorem [5.47
111 - 116 (XVIII) 111 - 116 (XVIII) Ay = By Theorem [5.47
1(I) 39 (I) Ay & Boy Theorem [5.49
1(I) 45 (II) Ay & Boy Theorem [5.49

What’s more, in Section [7], we shall justify a general inclusive relation indicating that for any
A(q) equal to fT for r € {4,6,8,10,14} or f} 3,

A(p) € B)

for any eta quotient B(q) in the table associated with A(q) (see Theorem|7.1]), and as an implication,
we prove that any such eta quotient B(q) is lacunary (see Theorem

The remainder of this work is organized as follows. In the next section, we discuss how we search
for those eta quotients with vanishing coefficients similar to f] for r € {1,2,3,4,6,8,10,14,26},
or f3f5. Following this, in Section [3| we review certain relevant previous work, key notions, and
establish some technical lemmas and preliminary results. In Sections [4] and [5, we study a number
of eta quotients with vanishing coefficients similar to f for r € {1,2,3,4,6,8,10,14}, or f3f5
attained in our search and prove all the relations listed in the table above. After this, in Section [0]
we make some remarks on the eta quotients associated with f20 and discuss the subtlety and
difficulty in dealing with these cases. In Section [7] besides proving the aforementioned general
inclusive relations between the eta quotients and the general lacunarity that follows, we pose a
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number of conjectures and open problems that are suggested by our computational experiments.
Finally, in the last section, we summarize the methods that were used in our discussions and proofs
in particular examples. This overview of strategies may provide a foundational blueprint that can
contribute to proofs of every observed instance of inclusion and equality of coefficient vanishing in
this paper.

2. SEARCH METHODOLOGY

When searching for eta quotients with vanishing coefficient behaviour similar to A(q) = f7,
re{1,2,3,4,6,8,10,14,26}, the search was conducted initially over eta quotients of the form

(2.1)  Bla) = ff2f5fifre,  1<i<j<k<l<m<12, —12<a,b,cdeg<12,
with the parameters in the stated range satisfying
(2.2) a+bi+cj+dk+el+gm=r.

The initial search for eta quotients with vanishing coefficient behaviour similar to A(q) = f 3
was identical to that just described, except that the r on the right side of Equation was
replaced with 3(1) + 3(2) = 9.

Remark: It was observed experimentally in some smaller scale preliminary searches that if B(q) =
I1; f;” had the property that A = Bjg), where A(g) = f{, where r is as above, then ), jn; = r.
We incorporated this condition into our search to cut down the search time. Regardless of whether
or not Ej Jnj = r is a necessary requirement for A = B(q), it is not hard to find examples of
pairs of eta quotients A(g) = f{ and B(q) = []; f;j, with Ay G Bg) and >_jJnj # r (for example,
A(q) = 9 and B(q) = f%/f2). We do not consider this latter situation in the present paper.

The comments that follow about searches for eta quotients with vanishing coefficient behaviour
similar to f{ also apply to the search for eta quotients with vanishing coefficient behaviour similar
to f7 /3.

The initial search compared coefficients up to ¢°°. For A(q) = T = > anqg™, an eta quotient
B(q) = > bnq", was added to one of two lists, say L and Lo, depending on whether

(2.3) {n <50|a, =0} = {n < 50|b, =0} or {n <50[a, =0} S {n < 50|b, = 0}.
Each of these searches took about 10 - 14 days running on a smaller computer cluster. Extending the
range of the parameters beyond the bounds indicated at can thus be seen to be prohibitive in
terms of computing time. As an alternative, new products were added to L1 and Ls in the following
two ways.

Firstly, if Bi(q), B2(q) and Bs(q) are any three eta quotients in L; U Lo, then the eta quotient

Bi(q)B2(q) n;
Bs(q) 1;1 Ji

satisfies a condition similar to (2.2)), namely

Zjnj =

J

A search was run over all such products Bi(q)Ba(q)/Bs(g) and the product was added to either L;
or Ly, depending on which (if either) of the conditions in it satisfies. This step was repeated
until no new eta quotients are added to either L; or Lo.

To describe the second method of adding new eta quotients to L and Ls, we recall that f; =
(¢; 9)oo and observe that if ¢ — —¢, then elementary ¢-product manipulations give that

@) _f
G 0o(at 0" ) fifa
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Of course g can be replaced with ¢™ in , where m is any positive integer. Thus if B(q) =[] j f;Lj
and at least one j is odd, then the coefficients of B(—q) vanish identically with those of B(q), and
can be used to write B(—q) as an eta quotient. A similar situation hold if all the j are even,
and their greatest common divisor is, say, the even positive integer 2m, so that B(q) = C(¢*™).
The coefficients of C(—¢?™) vanish identically with those of C(¢*™), and can again be used
to write C(—¢?™) as an eta quotient.

It may seem trivial to derive additional “partner” eta quotients with vanishing coefficient be-
haviour similar to f] in this way. However, we keep each eta quotient and its partner in our tables,
since if there are patterns to be found that might assist our understanding of this phenomenon, it
is not clear in advance which of the two eta quotients in a “partner pair” might fit the pattern.

The final step was to check that the patterns found held up to ¢3°%°. In other words, that for
each eta quotient in L that the first “=" statement at held with 50 replaced with 3000, and
that for each eta quotient in Ly that the second “;” statement at held with 50 replaced with
3000.

Remark 2.1. [t seemed that in almost all cases, if one of the statements at (2.3) held up to ¢°°,
then that was sufficient for it to hold up to ¢°°%°. This observation leads to an open problem.

Open Problem 2.2. Given a weight k and a level £. Is it true that there is always a positive
integer N = N(k,£) such that for any holomorphic modular forms Y > ang" and > ." byq"™ of
weight k and level T'g(¢), whenever

{n < Nla,=0}={n<N|b, =0},

then
{nla, =0} ={n|b, =0}7

3. SOME TECHNICAL LEMMAS AND PRELIMINARY RESULTS

This section is devoted to reviewing and deriving a number of technical lemmas and preliminary
results that will be useful for our study of the relations between (and lacunarity of) the coefficients
of the eta quotients obtained from the search discussed in Section

3.1. Elementary facts. The following lemmas are elementary but rather useful for our purpose.

Lemma 3.1. The equation x> + y?> = n, n > 0 has integral solutions if and only if ord, n is even
for every prime p = 3 (mod 4). When that is the case, the number of solutions is

H (14 ordyn).

p=1 (mod 4)
Proof. We omit the proof, as this is well known - see for example [20, Corollary 1, page 279]. O

Lemma 3.2. Let m and n be positive integers and let p be a prime with p =5 or 7 (mod 8).
(1) If plm? + 2n2, then p|m and p|n.

(2) If m?/3 + 8n2/3 is an integer such that p|(m?/3 + 8n?/3), then p|lm and p|n.

(3) If p|3m? + 24n?, then plm and p|n.

(4) If 3m? + 48n? = 8t + 3 for some integer t and p|3m? + 48n?2, then plm and p|m.

Proof. (1) Suppose p { m, so that p{n also. Then m? + 2n? implies that —2 is a quadratic residue

modulo p. However this contradicts the fact that —2 is a quadratic residue only for primes =1 or 3

(mod 8).

(2) If p|(m?/3 + 8n?/3), then p|m? + 2(2n)?, and the claim follows from (1).

(3) Similarly, if p|3m? + 24n?, then p|m? + 2(2n)?, and once again the claim follows from (1).

(4) Suppose p { m so that p{n and then p|m? + (4n?) implies —1 is a quadratic residue modulo p.
9



Thus p =1 (mod 4) and hence p =5 (mod 8), from the statement of the lemma. However, since
3m? +48n? = 3 (mod 8), 3m? + 48n? must be divisible by another prime p’ = 7 (mod 8) with odd
exponent, and hence p’ =3 (mod 4), contradicting the statement in Lemma . O

Lemma 3.3. Let p be a prime, p = 2 (mod 3), and let a and b be integers such that p|3a® + b?.
Then pla and p|b.

Proof. Suppose p t a, so that p { b, since p|3a® + b>. Then —3 is a square in (Z/pZ)*, that is,
(‘73) = 1. By the quadratic reciprocity law, one has that (%) = 1, which implies that p = 1
(mod 3), a contradiction. O

3.2. The vanishing of the coefficients of f{. In [29], Serre characterizes the vanishing of the
coefficients of f{ for r € {2,4,6,8,10,14} and establishes sufficient conditions for that of fl26 using
the theory of CM newforms. These results in turn imply that these f{ are all lacunary by Serre’s
extension [27] on Landau’s density theorem and are summarized in the following theorem.

Theorem 3.4 (Serre). Let f; be defined as in Section [l Then
(1) writing

(3.1) 1= anq",
n=0
one has that a, = 0 if and only if 12n + 1 has a prime factor p # 1 (mod 12) with odd

exponent,
(2) writing

o0
(3:2) =" ang",
n=0

one has that ay) = 0 if and only if 6n + 1 has a prime factor p = —1 (mod 3) with odd
exponent,
(3) writing

o0
(3.3) 1= and",
n=0
one has that a, = 0 if and only if 4n + 1 has a prime factor p = —1 (mod 4) with odd
exponent,
(4) writing
o0
(3.4) 5= o,
n=0

one has that a, = 0 if and only if 3n + 1 has a prime factor p = —1 (mod 3) with odd
exponent,
(5) writing

[o.¢]
(3.5) 0= ang",
n=0

one has that a, = 0 if and only if 12n + 5 has a prime factor p = —1 (mod 4) with odd
exponent,
10



(6) writing

(3.6) =3 ang",
n=0

one has that a, = 0 if and only if 12n + 7 has a prime factor p = —1 (mod 3) with odd
exponent,
(7) writing

(3.7) 26 — Z anq",
n=0

one has that a, = 0 if either of the following holds:

(a) 12n 413 has a prime factor p1 = —1 (mod 3) with odd exponent and a prime ps = —1
(mod 4) with odd exponent (it may be that p1 = p2),

(b) 12n + 13 is a square and all prime factors p satisfy p = —1 (mod 12).

In the introduction, we mention that we also take the lacunary eta quotient ff’ f23 into account as
a starting point towards extending our investigations to other lacunary eta quotients. Inspired by
Serre’s results, it is natural to ask if the vanishing of the coefficients of £ f3 can also be interpreted
in terms of prime decomposition. The answer is indeed positive and can be stated as follows: if

oo
fisfg = Z anqn7
n=0

then a, = 0 if and only if 8n + 3 has a prime factor p =5 or 7 (mod 8) with odd exponent. We
shall prove this in Theorem in Subsection [5.6

3.3. Review of CM newforms and their basic properties. As is mentioned in Subsection [3:2]
Serre’s results are closely related to the notion of CM newforms which are very useful for studying
the vanishing of the coefficients of certain eta quotients and shall play a key role in the proof of the
aforementioned characterization of the vanishing of the coefficients of f7f3 (see Theorem [5.44)). In
this subsection, we briefly review relevant materials on CM newforms, such as their basic properties
and constructions.

Let f(z) = > o2, a(n)q™ be a newform of weight k£ and level I'g (N) with some character y.
Then one can first recall that its Fourier coefficients a (n) satisfy the recursive relation

(3.8) a()a(n)=a(ln)+x () a(n/e)

for any positive integer n and any prime ¢, where a(z) is set to be 0 if z is not an integer.
The coefficients also possess the multiplicative property that a (mn) = a (m)a (n) for any positive
integers m, n such that ged (m,n) = 1. Therefore, investigations on a(n) can be boiled down to
analysis of a (p) for p prime.

For any Dirichlet character ¢ of conductor m, a newform f(z) is said to have CM by ¢ if
a(p) ¢ (p) = a(p) for all p Nm. Such an f(z) is also called a CM newform by ¢. Characterizations
of CM newforms of weight k > 2 have been established by Ribet [26], which are briefly summarized
next.

It is known [5], (6.3)] that a CM newform of weight k& > 2 exists only if ¢ is a quadratic character
associated to some quadratic field K. In such case, f(z) is also called a CM newform by K. In his
groundbreaking work [26], Ribet gives a full characterization of such newforms and justifies that
any CM newform of weight £ > 2 by a quadratic field K must come from a Hecke character g

11



associated to K and be of the form

FE) = Y vk @N (@7 MO,
ClgOK
integral
where N (-) denotes the norm of an ideal. In particular, when K is imaginary of discriminant
—d < 0 and class number 1, one has that (see, e.g., [I7, Corollary 2.2]) f(z) must be a linear
combination of the generalized theta series

Z F TN @ over B € (O /m)™
aEf+m
for some integral ideal m with ' (m) = N/d.

In addition, what is remarkable about CM newforms is their connection with lacunary cusp
forms. In [28], Serre proves that a cusp form »_° j ang™ of weight k > 2 is lacunary if and only if it
lies in some space of CM newforms. By Ribet’s characterization of a CM newform, we can tell that
such a lacunary cusp form must be a linear combination of generalized theta series. This suggests
the following simple implication: a cusp form that is assumed to be lacunary must be a linear
combination of generalized theta series. In general, it is hard to verify the lacunarity of a cusp
form by computations alone; however, proving that a particular cusp form is a linear combination
of generalized theta series is often computationally feasible by Sturm’s theorem. If we can find a
characterization of the coefficients of a cusp form by generalized theta series, we may use it to go
in the other direction and study the vanishing properties of the coefficients of the cusp form. As
discussed in Sections [T]and [2], our computational experiments together with Theorem [3.4] are made
with the hypothesis that all the eta quotients obtained from our search are lacunary. Moreover, we
can validate that the associated modular forms of weight £ > 2 are all cusp forms. The discussion
above leads to the following lemma justifying that all these cusp forms are expressible in terms of
generalized theta series attached to some integral ideal of Z[i], Z[w] with w = €2>™/3, or Z[/=2].

Lemma 3.5. (1) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table[7

Then
qB(qﬁ) _ Z Ca Z xk—qu(x)
[a]€Z]w]/m z€[a]
for some constants C,,, where w is the primitive third root of unity, and m is some integral
ideal of Z[w] such that N(m) = N/3.
(2) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table @ Then
¢B(¢ )= > Co ) aF "™
[a]€Z[i]/m z€[a]

for some constants C,,, where m is some integral ideal of Z[i] such that N(m) = N/4.
(3) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table[11] Then

¢B(*)= > Co > 2t lgN®W
[e]€Zlw]/m  z€la]
for some constants C,,, where w is the primitive third root of unity, and m is some integral
ideal of Z[w] such that N(m) = N/3.
(4) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table . Then
#B(g"?) = Z . Z 21N @)
[a]€Zil/m  z€la]

for some constants C,,, where m is some integral ideal of Z[i] such that N(m) = N/4.
12



(5) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table . Then
q7B(q12) — Z Ca Z xk—qu(m)
[a]€Z[w]/m z€[a]

for some constants Cy, where w is the primitive third root of unity, and m is some integral
ideal of Z[w] such that N(m) = N/3.
(6) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table . Then

¢“B(@?) = Y Cad N+ Y Gy AW
]

[a]€Zli]/m  z€[a] BleZw]/n  z€[8

+ Z C’y Z xk—qu(:ﬂ)

hlezl2w]/t  zel]

for some constants Cy,Cg, C,, where m, n and | are integral ideals of the orders Z[i|, Z[w]
and Z[2w], respectively.
(7) Let B(q) be any of the eta quotients of weight k > 2 and level N in Table . Then

B = ). Co ) aF1NO,
[aezZlv=2]/m  z€le]
for some constants Cy,, where m is some integral ideal of Z[v/—2] such that N(m) = N/8.
In what follows we provide details needed for the construction of the theta series interpolating
the eta quotients referenced in Lemma [3.5
Construction of the ideals m: Since the ideal norm is multiplicative, it suffices to look at the

prime factors N(m) of the norm of the prospective ideal m. This norm is determined by the level of
the eta quotient as indicated in Lemma An ideal for each case can be constructed as follows:

e For K = Q[i], suppose N(m) = p{'---p¢r. Let

Up;) = mj +nji, if mi+n3 = p;, T(m + ni) = m+mni, n#0,
’ Py, elsev ’ \/TT'L, n=0.
Then
m

= ((ZoO)(p)™ - (Zol)(pr))-
e For K = Q[w], let N(m) = p{* ---ptr. Define

. pPj
m; +njw, if m?2—min; +n?=p;, B
“es) = {p‘j : elsej T Ilpj) = yvpi if p? =1
7 )
V=3, if ;—f =0

Then
m = (Z(p1)™ -+ Z(pr)™")-
e For K = Q[v/—2], let N(m) = p{* ---pir. Define

: 2
m+nyv/—2, if m?+2n2 =p;, S
E(pj):{p‘ elsej T L(pj) = g vpi if 73'2 =-1
2 ’
V=2, if (Z2) =0
bj

Then
m = (o) Tp,)").

Construction of coset representatives for Oy /m:
13



e For O = ZJ[i], let m = a + bi, and define d = ged(a,b), and £ = N(a + bi)/d. Find an
element o = k + ¢ such that da = 0 (mod a + bi). The element « can be constructed as
follows. It suffices to find a k such that a/g + (b/g)i|k + i. Since a/g and b/g are coprime,
then there are s and ¢ such that

s(a/g) +t(b/g) = 1.
So,a=k+i=(a/g+ (b/g)i)(t + si). Then
Zli}/(a +bi) = {[j + hal}
asj=0,....N—1land h=0,...,d—1.

e For O = Z]w] with w the primitive third root of unity, and m = a+ bw with g = ged(a, b),
write { = N(a+bw)/g find s and ¢ such that (a/g)s—(b/g)t = 1. Then using the fundamental
theorem of finite Abelian groups it can be shown that

Z[w}/(a+bw) = {[i(s + (b/g)w) + h(t + (a/g)w)]}
asj=0,...,9—1land h=0,...,¢—1. To find (Z[w]/(a + bw))*.

e For O = Z[v—2], and m = a + by/—2 with g = gcd(a,b), write £ = N(a + b\/—2)/g and
find s and ¢ such that (a/g)s + (b/g)t = 1, then

Z[v=2]/(a+bv=2) = {[j ((a/g) + (b/9)V=2) + h (~t + sv=2)]}
asj=0,....,.9—1land h=0,...,¢0—1.
Construction of the generalized theta series: Although the given algorithm produces a
large number of coset representatives, a significant proportion of the representatives can be elimi-

nated by removing associate cosets. Once an appropriate set of non-associate cosets are produced,
for each case K above, the theta series for each coset of O /m may be constructed as follows:

e For O = ZJi], define, for each integral ideal m = (M) and coset [¢] € Ok /m,
Pi(c, M) =Re(c+ (m+in)M), Py(c, M) =Im (c+ (m + in)M).

The corresponding theta series of weight W for the ideal and coset is

ST (Pile, M) + Pa(c, M)i) VT gPTEMHFE (M),

e For Oy = Z[w], define, for each integral ideal m = (M) and coset [c] € O /m,
Im (¢ + (m + nw)M)
7 )

The corresponding theta series of weight W for the ideal and coset is

Pi(¢c, M) =Re(c+ (m+ nw)M), Py(e, M) =

> (Pi(e, M) + Pyc, M)V=3)V L PReMEBER M),
e For Oy = Z[/—2], define, for each integral ideal m = (M) and coset [c] € Oy /m,

Im (¢ + (m + nv/—2)M)
7 .

The corresponding theta series of weight W for the ideal and coset is

Pi(c, M) =Re(c+ (m+nV-2)M),  Pylc, M) =

> (Pale, M) + Pyc, M)V=2) VT PR e M2 (e M),

m,n=—00

14



The generalized theta series interpolations for the relevant eta quotients in Lemmal3.5|are proven
by solving the system obtained by equating the respective Fourier coefficients of the eta quotient
and a linear combination of the generalized theta series up to the Sturm bound. In some cases,
the construction above does not provide a corresponding linear combination of theta series that
represents the eta quotient up to the Sturm bound. In these exceptional cases the requisite linear
combination of theta series may be obtained by applying a dilation ¢ — ¢¢, for small values of ¢
dividing the level, or by possibly changing the construction of the ideal m, for instance, by switching
signs in the cases defining Z(p;). The explicit constructions described above work without any
alteration for the cases in which O = Z[w]. For Table 13| vanishing like f{°, with Ok = Z]i], the
only exceptional case is 17(122)57(60z), which is addressed through the dilation ¢ + ¢°. Exceptional
cases in Table containing quotients vanishing like f3 f3, with O = Z[\/—2], include

1(162)*n(482)° n(242)°n(322)* n(82)°n(162)*n(96z) 1(82)°n(482)°
n(82)n(962)2 7 n(162)n(482)% " n(322)n(482) °  n(962)?

1(82)*n(162)%n(48z2) n(162)°n(242)° n0(82)*n(322)"n(482) n(162)*n(242)n(322)"n(962)
n(24z) Ton(48z)2 T n(162)*n(242)n(642)%7  n(82)2n(482)%n(64z)3

,1(162)°n(242), n(82)°n(48z),

(
1(242)n(322)° 1(322)%1(482)° 1(162)1(242)°n(642) n(162)n(482)"*n(642)
1(162)37(642)%" n(162)3n(242)n(642)3n(962)"  1(322)n(482)% " 1(242)°n(322)n(962)5’

n(242)n(322)° n(322)°n(482)"3
1(162)31(482)?n(642)% " 1(162)3n(242)°n(642)%n(962)>
These may be expressed as a linear combination of generalized theta series from the above algorithm

by switching the output in the cases (;—f) = +1 in the definition of Z(p;). Other exceptional cases
in Table [19] include
n(82)n(242)°n(322)*  n(82)°n(482)°  n(162)*n(242)°n(96z) 1(82)*n(242)n(962)
n(48z) "n(162)n(242)n(962)2’ n(322)n(482)3 7 n(322)n(48z)

n(162)°0(242)°0(962)° n(162)%n(242)°0(962) n(162)°(242)%(962)? n(162)n(242)"
1(82)%n(322)n(482) * n(322)n(482)* 7 n(82)*n(322)'n(482)* " n(82)?n(482)’
1(82)°n(322)*n(482)"  m(82)*n(322)°n(482)° n(162)°n(242)n(482)7 n(82)*n(162)*n(482)°
1(162)5n(242)™n(962)"" 1(162)°n(242)*n(962)* " 1(82)*n(322)*n(962) " 1(242)°n(322)*n(962)
These may be expressed in terms of generalized theta series from the above algorithm by applying
the dilation ¢ — ¢3 and a corresponding sign alteration the in definition of T (pj)-

For Table corresponding to f26, where integral ideals in both Z[i] and Z[w] are required,
some exceptional cases occur when the level N has a prime factor that inert in either of Z[w]
and Z[i] with odd exponent, so that N/4 and N/3 cannot simultaneously be a norm for Z[w]
and Z[i]. For instance 1(122)n(602z)°, may be expressed in terms of generalized theta series using
only the ideal m = (30) in Z[i[ and the dilation ¢ — ¢°. This also addresses the expansion for

n(242)3n(1202)1°
(122)n(482)n(602)°n(2402)
Similarly, a generalized theta series expansion for
n(122)%1(962)4

n(482)?

A more computationally intensive strategy involving oldforms is needed to obtain an expansion

: 242)%n(362)n(1442)n(2162)° R .
for the exceptional case 77(12:)(2n(1)8:)(277(27)2772()377;1)0”82)3712()43%)3' We first apply the dilation g — ¢> to its

level 432 partner 712 3:();(;7(313)8 32" ynder g — —q. We find ideals m;y of Z[i] and my of Z[w] such

that N(mp) = 432 %« 3/4 and N(mg) = 432 % 3/3. Then for each divisor d of 432 % 3, we compute
the associated Hecke series Hy(z) of level 432 % 3/d. For each such d, we obtain ideals from the
15

s obtained from 1(122)n(60z)> by mapping ¢ to —q.

1(242)61(962)*
1(122)2n(482)%

since these map to one another under ¢ — —gq.

the exceptional quotient 7
addresses that for the exceptional

case




algorithm above of norms (432 * 3/d)/4 and (432 % 3/d)/3, respectively, and sequentially compute
their associated Hecke series. This results in a set of Hecke series {H,(2)} over d dividing 432 « 3.
In particular, when d > 1, Hy(z) are of lower level and serve as oldforms. We obtain the quotient

n(12 32)%1(108 3z2)3

n(36 3z)

as a linear combination of Hy(kz) over d dividing 4323, and k dividing 432%3/d.

In fact, an expansion in this case may be obtained from the divisors d = 1,2 and k = 1,2, 3.

3.4. Eta quotients as theta series. Lemke Oliver [22] provided another useful tool for our
investigation of eta quotients. Oliver justified that the eta quotients in the following list are the
only quotients that can be expressed as unary theta series.

Lemma 3.6 (Lemke Oliver). Let f; be defined as in Section[ll Then the following identities hold.

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

f3

i

I
T,

qfo4

fﬁs]}z
o fraa

afs
1315
L

fé4
12 i3

f1f4f6 _

fafsfiz

1315
fife

73

fis
fis

5 3%

fafief3y

fafi2fag
2
f36.f a4

3>t B (5
"SGR S
S5 (2)on ol -5 (%)
SO S
B 2 <_n4) " f;f i i <_718> ng",
S () agflt -5 ()
=3 (f5) § - ni;—w
(36 - S (-6))
S (2R ()
-3 (12 (3) - () 2 ())
-3 (-6 RS- 6))
Sy (GG )
A ORORONE



(3.22)

S -0) BT - ()

We find that a large portion of the eta quotients we consider are indeed in the form of B(¢™)C(q")
for some eta quotients B(q), C(q) in Lemma and some positive integers m,n, and thus, by
Lemma [3.6] these eta quotients are all representable by double theta series attached to some binary
quadratic form. This will aid us with studying the eta quotients of weight 1 that Serre’s theory of
CM newforms may not apply to. We summarize our findings for quotients of weight 1 in Lemma

Lemma 3.7. (1) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries

(2)

(3)

(4)

(5)

of Tablelj other than Entries 91, 97, 99 and 131, then either of ¢B(q®) or ¢B(—q%) can be
expressed as a double theta series of the form either

i i a(mjn)qm2+12n2 or Z Z i m +3n2)'

m=—0o0 N=—0o0 m=—0o0 nN=—0o0

If B(q) is any of the eta quotients of weight 1 in the odd numbered entries of Table@ other
than Entries 25, 33, 41, 43, 67, 107, 129, 139, 145 and 151, then either of qB(q*) or
qB(—q*) can be expressed as a double theta series of the form either

Z Z n)q2 ("), i i a(m, n)g™ T

m=—00 N=—00 m=—00 N=—00

o o
SN amon)gme

m=—00 n=—00

If B(q) is any of the eta quotients of weight 1 in the odd numbered entries of Table other
than Entries 15 and 127, then either of qB(q®) or ¢B(—q*) can be expressed as a double
theta series of the form either

Z Z i m?43n?) i i a(m7n)qm2+3n2

m=—0o0 N=—00 m=—00 N=—00

oo oo
Z Z a(m7n)qm2+12n2_

m=—00 Nn=—00

If B(q) is any of the eta quotients of weight 1 in the odd numbered entries of Table
other than Entries 67, 71, 81, 93, 95 and 101, then either of ¢ B(¢'?) or ¢ B(—q'?) can be
expressed as a double theta series of the form either

S Y almad O ST am

m=—0o0 N=—00 m=—00 N=—00

53 atm o)

m=—00 Nn=—00
If B(q) is any of the eta quotients of weight 1 in the odd numbered entries of Table other
than Entries 41, 43 and 45, then either of ¢"B(q'?) or ¢"B(—q'?) can be expressed as a
double theta series of the form either

i i a(m,n)q3m2+4n2 or Z Z (m?+12n?)

m=—00 N=—00 m=—00 N=—00

17
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(6) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries of Table other
than Entries 79, then either of ¢"3B(q'?) or ¢*>*B(—q'?) can be expressed as a double theta
series of the form either

o0 (o] o [o.¢]
Z Z Oz(m,n)q4”"”2+9"2 or Z Z a(m,n)q12m2+"2.

m=—00 N=—00 m=—00 N=—00

(7) If B(q) is any of the eta quotients of weight 1 in the odd numbered entries of Table[19 other
than Entries 39 and 45, then either of ¢°B(q®) or ¢*B(—¢®) can be expressed as a double
theta series of the form either

i i o(m, n)g™ fj fj o(m, n)g?m En)

m=—0o0 N=—00 m=—00 N=—00

or

i io: a(m, n)q%(m2+8n2)-

m=—0o0 N=—0o0

Proof. These follow from Lemma [3.6} for example,

it = o) = (3 (5) ) = 5 mn (52) (51) i)

n=1

by (3.13)) of Lemma O

4. ETA QUOTIENTS WITH VANISHING COEFFICIENT BEHAVIOUR SIMILAR TO fi, fZ AND f}

Since the number of eta quotients involved in each case is small, and since it is possible to prove
completely what was discovered experimentally, we treat the cases of fi, fZ and f} together in one
section.

4.1. Eta quotients with vanishing coefficient behaviour similar to f;. Our search found
just five other eta quotients with vanishing coefficient behaviour similar to fi.

Table 3: Eta quotients with vanishing behaviour similar to f;

Number g¢-Product Modular Form Weight Level Group

1 fi n(24z) L5 T
2 2 e 19304 I
3 %ﬁ % i 144 I
4 ;;21 };24;}”?2 n?izi)zgzgggi%g%g@; % 2304 1
5 5 b R VYR
6 f}%’ % 5 2304 I

That the series coefficients of all the eta quotients in Table [3| vanish identically is an easy
consequence of known ¢-series identities. We first need a lemma
18



Lemma 4.1. Let |¢| <1 Then

o0

(4‘1) fl — Z (_1)nqn(3n+1)/2,
faf3 T a(3nt1)/2
4.2 - = q )
(42) fife nz_:oo
. f—22 = n q .

Proof. The first is the very well known special case (¢ — ¢° followed by z — 1/q) of the Jacobi
triple product identity
o0
(4.4) D (=2)"q" I = (2¢,1/2,¢; @)oo
n=-—o00
The second is also a special case of (4.4]), this time using ¢ — ¢ followed by 2 — —1/q. The third
is an identity is due to Fine [8, p.83] and is a limiting case (z — —1) of the quintuple product
identity:
o0
(4.5) (—2,=0/2, 6 0)oc(02%, 0/ 2% 0P)oe = Y, (=1)"q"E V2257 (1 4 2¢™).

n=—oo

Theorem 4.2. Let A(q) and B(q) be any two products in the following list:

I3 fofd fufafd f7 213}
4. —= .
(45) {fl’f1f4’f1f6’f§f§ DT
Then

Proof. That the claim holds if A(g) and B(q) are any two of the first, third and fifth eta quotients
at (4.6)) follows from Lemma and the full claim follows since the second, fourth and sixth eta
quotients at (4.6 are the ¢ — —q partners, respectively, of these three, after employing (2.4). O

Remark 4.3. If one writes
A(q) = fl = Zanqn’
n=0
then by the well known fact that

(12 e
_ i n
afa = < " > q,
n=1
where (%) denotes the quadratic character of(@[\/g], one can also tell that a, = 0 whenever 24n+1
18 not a square.
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4.2. Eta quotients with vanishing coefficient behaviour similar to fZ. Our search found
ten eta quotients with vanishing coefficient behaviour similar to f3.

Table 4: Eta quotients with vanishing behaviour similar to f2

Number g¢-Product Modular Form Weight Level Group

1 7 n(122)? 1 144 1
: (242)°
2 72 VAL 1 576 1
Iy (242)47(48z)
; 77 (1222 (962) 1 234 I
i (122)%7(482)3
4 7 WA (562) 1 2304 I
fafs f? n(242)n(962)n(1442)5 1
g f4§f:2 1221 7(482)2(722)21(2882)2 2 2304 II
] (242)° 3
0 7 CHLE R VYR
7 f2 1(242) : 576 II
fafg (482)n(722)? 1
° Rfe W11 LR UTR
f. (48z) 1
) s 242} (067) L 9304 T
10 i _ n(8z)' 3 9304 I
518 1(242)51(962)5 5

We prove two theorems in this subsection, thereby fully verifying what was suggested by experi-
ment. These proofs also give some insight into how similar results might be proved for pairs of eta
quotients in other tables. Note that the eta quotients in Group II of Table [4 arise as a result of a
g — ¢2 dilation of the eta quotients in Table

The first subsequent theorem shows that all the eta quotients in Group I of Table[3| have series ex-
pansions with identically vanishing coefficients. Before getting to that, we need the following lemma,
which shows that the series expansions of f? and fj f1/(f? fs) have quite similar 4-dissections.

Lemma 4.4. Define

(4.8) Ao = Ao(q) = (0" %) oo (0", —0*, ¥ *) s (—¢*, =", ¢*1 ¢*) o0
Ay = A1(q) == (0" 6%) oo (0" —0*, 6% ¢™) oo (—¢*, =1, %1 %) oo,
Ay = As(q) == —(0" 6% )oo(—0", —0*, 6*% ¢*) oo (—¢*, —¢*, ¢%; ¢°) o,
A3 — Ag(q) — <q4’ qg)oo(_q47 _q287q32;q32)oo( q87 —17(]8;(]8)00-
Then
(4.9) fi= Ao+ qA1 + ¢* Az + ¢* A3,
Boli _ g0 a2 At A
2 s 0—qA1 —q Aa+q " As.

Remark 4.5. Note that the functions Ag, A1, Ay and As are all functions of ¢*, so that the
expressions of the right sides of (4.9) actually give 4-dissections of the eta quotients on the left
sides.

Proof of Lemma[].7]. We will use the following alternative form of the Jacobi triple product identity,

e}

(4.10) S (2" = (20.9/% ¢% D)oo

n=—oo
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or, more precisely, the identity arrived at by splitting the sum on the left into two sums (n even
and n odd) and recombining into infinite products:

(4.11) (—2%¢", —4"/2*,¢% )00 — 2a(=2%¢%, —1/2%, 6% ¢%)oo = (24,4/2, 4% ¢*) oo
From one has that
(4.12) Ao+ qA1 + qQAg + ¢3 Az
= (¢ %o (=0'%, —*, 6% )0 [(=¢", =0, 6% )0 — a(—%, =1, 6% ¢°) ]
— * (0% 6%)oo(—4", 0%, 67 6o [(—4", =", 6% 0¥) oo — a(=0%, —1, 6% ¢°) o]
= (0,0:0% ")oo(0"¢%)oo [(=0"%, 0%, %% )00 — * (=0, =%, 4% ¢*) o]
= (4,4,0% 40 (0" 6%)o0(0*, 4%, 6% 6o = (4,4, 4% %) 0 (0% %) 0 = (4, 0)5%-
The second equality above follows from using directly with z = 1, and the second follows
from using with ¢ replaced with ¢* and z = 1/¢%.
In a quite similar fashion,
(4.13) Ao —qA1 — PA2 + ¢* A3
= (¢ %o (=¢"%, =%, 67 )0 [(=¢", —0*, % )0 + a(—%, =1, 6% ¢°) ]
+ (0% ¢%)oo(—a", =0, 6% 6o [(—d", —¢*, 6% ¢ ) oo + a(—0°, —1, 6% %) o0
= (=0, —¢, 0% 0o (q"1 ) [(—0"%, =0, % ¢*) 0 + ¢ (—¢*, 0%, ¢** ¢*) ]
(4% %5 (% 4*) o
(43 0)2(6% ¢%)oc
This time, the second equality above follows from directly with z = —1, and the second

follows from using (4.11)) with ¢ replaced with ¢* and 2 = —1/¢?. The final step follows from
simple g-product manipulations and is left to the reader. ]

= (=¢,—4,0% ¢*)oo(q"; ¢®)oo (=%, =%, ¢*; )0 =

Theorem 4.6. Let A(q) and B(q) be any two eta quotients in Group I of Table . Then

Proof. That this holds when A(q) and B(q) are the eta quotients numbered 1 and 3 follows from
the 4-dissections for these eta quotients at (4.9), and the full claim at (4.14]) follows since the eta
quotients numbered 2 and 4 in Group I are ¢ — —¢q partners of those numbered 1 and 3. [l

Theorem 4.7. Let
o oo
(4‘15) A(Q) = Z anqna B(Q) = Z bnqna
n=0 n=0

where A(q) is any of the eta quotients in Group I of Table[4), and B(q) is any of those in Group II.
Then

Proof. We prove the result for A(q) = f# and B(q) = f2 only, since by Theorem all the eta
quotients in Group I have identically vanishing coefficients,and the same holds for group II by
Theorem After making the dilation ¢ — ¢'? and then multiplying by ¢, one gets
oo oo [e.e]
77(122)2 — Zanq12n+17 77(24Z) — anq12n+1 — Z (_1)mq(6m+1)27
n=0 n=0 m=-—00

21



where the last well-known equality arises from the dilation ¢ — ¢** in . Suppose a, = 0,
so that by Serre’s criterion , 12n + 1 has a prime factor p Z 1 (mod 12) with odd exponent.
Clearly b, = 0 under this same circumstance, since b, = 0 if 12n+ 1 is not a square. Since a; = —2
and b; = 0, the result follows. O

4.3. Eta quotients with vanishing coefficient behaviour similar to f{. In the case of f},
our search found eleven other eta quotients with similar vanishing coefficient behaviour.

Table 5: Eta quotients with vanishing behaviour similar to f;

Number g¢-Product Modular Form Weight Level Group

1 f1 1(82)° 3 64 I
n(162)? 3

2 fl 7 2 5 256 I
f31sf (162)5n(242)1(962) 1

3 i fi;; (82?3227 (182)? 7 2304
fif (82)%n(482) 1

4 fi;g WZ@;?) 2 144 I
f n(162) 1

5 fTQ} (8n§882 | 5 16 I
z z 1

6 bh Uil 2e) 1256 1

7 J3 n(24z) : 576 11

8 g _nsz) 1 9304 II
f3ff12 77(24(2)77()956z) 2
24 3

9 5 ne N PV i
f¢* (482)13 3

7% T2 T ;oo I
fe.f. (482)n(722)? 1

11 f:?flgss eTRTrTe] 5 3 44 T
fafiaf 1n(242)n(96z)n(144z) 1

12 fZ? flg2 T n(dS2)tn(72:)%n (28827 3 2304 I

In this subsection we give a characterization of the vanishing coefficient behaviour of the eta
quotients in Table |5, We first need a lemma.

Lemma 4.8. Let |q| < 1. Then

(4.17) fi= Z (20 + 1)g" "+ D/2,
(4.18) 1tfs _ Z n(n+1)/2 _ 32 (3n-+1)(3n+2) /2
' fofs 21 a ’
= n=0
(4.19) fﬁ _ Z n(n+1)/2
‘ L 4 '

Proof. The first- and third identities above are well-known implications of the Jacobi triple product
identity (4.4). The second identity is a restatement of a result of Cooper [3, Equation (9.3)], who

showed that -
f12f6 :Z n(n+1)/ 3qzq9nn+1
ffs =

We are now ready to prove the results suggested by Table
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Theorem 4.9. (i) If A(q) and B(q) are any two eta quotients that are both either in Group I or
group II of Table[5, then

(4.20) A(O) = B(O)

(ii) If A(q) and B(q) are any two eta quotients such that A(q) is in Group I of Table[5 and B(q)
is in Group II of Table[3], then

Proof. (i) First observe that the eta quotients in Group II in Table |5 are derived from the group of
eta quotients in Table [3| by a ¢ — ¢° dilation, so that Aoy = Bg) holds if A(q) and B(q) are both
in Group II follows from Theorem [£.2]

If A(g) and B(q) are both in Group I and are any two of the eta quotients listed in Lemma
then A = B clearly holds from the form of the series on each of the three right sides at (4.17)
~([@.19). Next, Ay = B(O) holds if A(g) and B(q) are any two eta quotients in Group I, since the
other three eta quotlents in the group are ¢ — —q partners of the three in Lemma |4 after using
the transformation from .

(i1) We will prove the statement for B(q) = f3 only, as all the other eta quotients in Group II
have identical vanishing coefficient behaviour. It may be seen from that after the dilation
q — ¢> is applied to fi, one gets that

f3 — Z( 1)nq3n(3n+1)/2 + Z n 3n 3n— 1)/2 thq
n=0 n=1
Thus by # 0 only if ¢ has the form ¢ = m(m + 1)/2 for either m = 3n or m = 3n — 1, for some
integer n, and A & - By easily follows. O

5. RELATIONS BETWEEN Bq)’s

In this section, we shall study relations between the vanishing of coefficients of various products
in the tables for fJ for r € {4,6,8,10,14} and f{f5 and as a consequence, illustrate a number
of branches of the associated tree graphs in the appendix. It is worthy of stressing that in the
case of fI where 7 € {4,6,8,10,14,26} and ff3, there are so many eta quotients in each of the
corresponding tables that it is not practical to attempt to prove each equality A = Bg) or
inclusion Ay & B suggested by experiment, for each pair of eta quotients A(q) and B(g). We
confine ourselves to providing sample proofs that exhibit the various methods of proof. In some
cases, we provide proofs that exhibit equality or inclusion for entire groups of eta quotients in the
various tables, or proofs that give completeness of proof for an entire group of eta quotients in some
table (by giving the proof for some outstanding member of the group), or proofs that help support
the relationships between the various groups in a table that are suggested by experiment.

This section is divided into six subsections, each of which accounts for the eta quotients in the
table associated with one of fI for r € {4,6,8,10,14} and f;f5. Before proceeding, we state and
prove a technical lemma that will be frequently adopted throughout this section.

Lemma 5.1. Let A(q) and B(q) be eta quotients and let m > 1 be a positive integer. Let A'(q) =
A(q™) and B'(q) = B(q™). Then the following hold.
(5.1) Aw) = B( 0) = A(o> BE(J)’

/

Proof. Suppose

oo oo
= Zanqn7 B(Q) = Z bnqnv
n=0 n=0
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o

Alg)=:) ang" = ang™, B'(q) =) "= bug™.
n=0

n>0 n=0 n>0

Then clearly a], = b/, = 0 if m { n, and for n > 0, a],,,, = a, and b),,,, = b,. Both results clearly
follow from these facts. O

Remark 5.2. Some of results proven in the following subsections may seem a bit arbitrary, but in
some cases we prove them because they are exceptional cases not covered by Lemmas and [57,
and are necessary to complete the proof of the statements in Theorems and 7.2

5.1. Eta quotients with vanishing coefficient behaviour similar to ff. Theorem plays
a significant role in the proof of the next theorem.

Theorem 5.3. Let
(5.3) Alg) = f =) ang", B(g) =Y bug", Clg) =D ead"
n=0 n=0 n=0

where B(q) is any of the eta quotients in Group XVII and C(q) is any of the eta quotients in Group
XIX of Table[ Then

(5.4) Aw) & By & Clo)-

Moreover, if B(q) and B'(q) are any two eta quotients in Group XVII and C(q) and C'(q) are any
two eta quotients in Group XIX, then

(5.5) By = B(g), Co) = C(o)

Proof. That B ; C(o) and the equalities in hold follows from Theorem and Lemma
since the eta quotients in Group XVII and group XIX of Table [7] are derived from the eta quotients
in Groups I and II in Table |4] as a result of a ¢ — ¢* dilation.

We prove that Ay & By for B(q) = f2 only, since, as noted in the preceding paragraph,
all the eta quotients in the group have identically vanishing coefficients. Note that this holds by
Theorem but we give another proof to illustrate an alternative method of showing inclusion.
After making the dilation ¢ — ¢% and then multiplying by ¢, one gets

[e.9] o
n(62)* = ang®™ n(122)° = bt
n=0 n=0
Suppose a, = 0, so that by Serre’s criterion , 6n + 1 has a prime factor p = —1 (mod 3)
with odd exponent. If n is odd, then clearly b, = 0 since B(q) = f2. If n is even, n = 2m, then
6n + 1 = 12m + 1 has a prime factor p = —1 (mod 3) with odd exponent, and hence by Serre’s
criterion , b, = 0. Since a; = —4 and by = 0, the result follows. ]

Before proving the next result related to our study of A(q) = fi in Theorem 5.5 we prove a
necessary preliminary result, which is to completely characterize the vanishing behaviour of the
coeflicients of the series defined by

(5.6) B(q) := ﬁ) =: ibnq".
s =

What makes the proof a little easier is that much of the necessary work was carried out elsewhere in
proving an entirely different vanishing coefficient result, as will be described below. We again note
that the result in Theorem also follows from Theorem but here also we choose to illustrate
an alternative method of proof.
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Lemma 5.4. Let B(q) and the sequence {b,} be as defined at (5.6). Then b, = 0 if and only if
12n 4+ 1 has a prime factor p = —1 (mod 3) with odd exponent.

Proof. After applying the dilation ¢ — ¢'? and multiplying by ¢, one gets that

(57) 13262 Z b 12n+1 _ ( ) ;— S(Q)’

where

(5.8) S(q) = q—3iv3q¢" — 5¢" — 3iv3¢" + 5¢% — 6iv3¢* + 11637 + 6iv3¢*® — 204"
—¢° +9iv3¢°T + 7¢™ — 3iv/3¢™ + 15iv/3¢™ +19¢" + - -

is the CM newform of weight 2 for I'g(432) with (2) by K = Q[v/—3] labelled 432.2.c.a in the
LMFDB, and S(q) is its » — —1 conjugate. Define the sequence {s,} by

(5.9) S@) = sud™.
n=0

In [I7, Theorem 8.2], it was shown that if C(q) = f!* and D(q) = f3/f1, then C(g) = D),
and in the course of proving that, the following results where shown about the sequence s, (the
interested reader may find details of the computations in the aforementioned paper). Firstly, it
was shown that sp = s3 = 0, and if p = 5 or 11 (mod 12), then s, = 0. It was also shown that if
p=1a2+3y?> =7 (mod 12) where x and y are positive integers, then up to sign,

2yv/ =3, if 3|y,
5= (y+ 203, i 3ly+ o,
(y —x)V/-3, if3ly—=.

Likewise, if p = 22 +3y% = 1 (mod 12) for positive integers 2 and y, then it was shown that, up to
sign, s, = 2 + 3y. The recurrence formula

Spk = SpSph-1 — X(P)PSpk-2

gives that if p = 5 or 11 (mod 12), then |s,ex| = p¥ and s,err1 = 0. Likewise, if p = 1or 7
(mod 12), then the formulae above give that s, # 0, and since the recurrence relation gives that
Sph = s'; # 0 (mod p), and thus s]; # 0 for any positive integer k.

Hence, by multiplicity, s12,+1 = 0 if and only if 12n 4 1 has a prime factor p =5 or 11 (mod 12)
with odd exponent, and the result follows since by (5.7), b, = S12n+41- ]

Theorem 5.5. Let

00 5 00 00
(5.10) Alg) = fi = Zanq”, B'(¢q) := B(¢*) = i =: Z v.q" = Z bng®"

fo =
where B(q) and the sequence {b,} are as defined at (5.6). Then

Proof. Suppose a,, = 0, so that by Serre’s criterion , 6n+ 1 has a prime factor p = —1 (mod 3)

with odd exponent. If n is odd, it follows from the fact that B’(q) = B(q¢?) that b, = 0. If n is

even, n = 2m say, then 6n + 1 = 12m + 1 has a prime factor p = —1 (mod 3) with odd exponent.

Hence, by Lemma by, = 0, and then b),, = b/, = 0. The result follows upon observing that

a; = —4, while b = 0. O
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Theorem 5.6. Let
Alg) = f =) ang"
n=0

and let B(q) = Y .2, bng™ be any of the eta quotients in Entries 91, 97, 99 and 131 of Table @
Then

Ay & Boy-

Proof. By [19, Theorem 3.1, Eq. 3.1.8], Entries 91 and 93 of Table [7| have identically vanishing
coefficients, as do entries 97, 99 and 101 by [I9, Theorem 3.1, Eq. 3.1.9]. Letting C(q) be a product
in Entries 93 or 101, one can tell that B = C(qy. On the other hand, By Table @ one finds that

qC(q%) can be expressed as

i i a(m, n)qi G+,

m=1n=1
So by Theorem 3.4](2), one can conclude that Ay & C(g) = B(g), where is inequality can be verified
by comparing the first few terms of the coefficients of the eta quotients.
Moreover, by [19, Theorem 3.2, Eq. 3.1.19], if C'(g) is any of the eta quotients in Entry 101, and
B(q) is the eta quotient given by Entry 131, then C(gy & B(q)-
All told, Ay & B(g) for any product B(q) = > ;2 b,q" in Entries 91, 97, 99 and 131 of Table
L]

Theorem 5.7. Let 5 )0 43
Jifs 1§ fi2 I3t1s 1,
B(q) = L 2 . and C(q) = 32 26 38
fifof2a J1I5 3 o f2a
be the eta quotients numbered 74 and 75 in Group II of Tablel], respectively. Then By = Cq).

Proof. Write C(q) = > 7" ¢ng". Then one can verify that

el o
B(q) = Z Z 012n+jq12n+j _3 Z Z 612n+jq12n+j_

§=0,3,4,7,8,11 n=0 j=1,2,5,6,9,10 n=0

Therefore, one can see that

0o 0o
Z b12n+jq12n+] = Z Cl2n+jq12n+j for J=20,3,4,7,8,11,
n=0

n=0
and
9] oo
Z b12n+jq12n+j =-3 Z 612n+jq12n+j for ] = 17 27 5a 65 95 10,
n=0 n=0
and deduce that B(g) = Cg). O

Remark 5.8. The proof of Theorem is inspired by Lemma [{.]).

5.2. Eta quotients with vanishing coefficient behaviour similar to f{. Throughout this
section, we let

A(Q) = f16 = Zanqna
n=0

and we recall Serre’s criterion ([29] or Equation (3.3) above) that a,, = 0 if and only if 4n + 1 has
a prime factor p = —1 (mod 4) with odd exponent. We first contrast some results from [I§] about
various eta quotients in Table [9] with what Theorem [7.1] gives us about these.
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Let

(5.12) = fif5 = anq, Clg) = fifs = chq, D(g) = fafs =Y _ dung",

= fi= Z eng"™.
n=0

In [I8, Theorem 1.1], exact criteria for the vanishing of the b, ¢,, d, and e, were developed, from
which it immediately follows that

(5.13) Aq) = B, A & Co), Aw) & Do), A & E)-

Theorem gives the last three inclusions, but only the weaker result Ay C B(p). Indeed this
highlights a shortcoming of Theorem[7.1]in comparison with more detailed analyses. While Theorem
is a very general theorem, it provides no information about exactly when the coefficients in the
series expansions of the eta quotients it applies to vanish.

To further reinforce the utility of diverse methods refining conclusions from Theorem[7.1] consider

(5.14) G(g) =13 = gnd", H(q) = fo =Y hnq"
n=0 n=0

Theorem gives A S G(o) and A S H gy, but once again the alternative proof we give
provides more insight than simply proving an inclusion of the vanishing sets.
That Ay S G(o) holds may be seen from the fact that

0o 0

2

— Zgnq4n+1 _ Z(_l)m(2m + 1)q(2m+1) 7
n=0 m=0

and thus that g, = 0 if and only if 4n + 1 is not an odd square.
Likewise, Ay & H gy holds since
242 Z h q4’n+l Z (_1)mq(6m—1)2,

and thus h, = 0 if and only if 4n + 1 is not an odd square that is not divisible by 3.

There is one more eta quotient in Table |§|, namely that numbered 65, B(q) := f{f3. Rather
than choosing the easy route of using Theorem to show A g By, we choose the more difficult
route of determining an exact criterion for the vanishing of the coefficients of B(g). This latter
method may be necessary to prove some of the finer structure exhibited in Table [0 and Figure

However, determining the exact conditions under which the coefficients in the series expansion
vanish is not so easy in this case. We first need the following lemma. As elsewhere in the paper
the results follow upon comparing coefficients up to the Sturm bound.

Lemma 5.9. The following identity holds.

(2 —iv2) (2+iv2)

1 144.2.c.a + Tf144 2.ca
0= 3% + 4™ + 3¢ — 13¢% + 3% + 2657 + 9™ + 74"
947 — 10451 — 1245 + 1607 + 18¢% — 3¢% — 8¢°7

zghere f144.9.c.a 18 the CM form of weight 2 and level 144 labelled 144.2.c.a at the LMFDB and
f144.9.c.a 1S the conjugate form. Moreover,

(5.15)  fuaaz.ca = q— 3iV2¢° +4¢" + 3iv2¢'T — 13¢° + 3iv/2¢* + 267 + 9iv2¢* + 7"
27

n(42)*n(122) =


http://www.lmfdb.org/ModularForm/GL2/Q/holomorphic/144/2/c/a/

— 9iv2¢% — 10¢%" — 12iv/2¢% + 16¢™ + 18¢%° — 3iv2¢® — 8¢°" + - - -
= g1 +igs + (1/2 — i(1/2))V2g5 + (—1/2 — i(1/2))V2gs,

where
9= Z(Gm + 3+ (61— 2)i)qOm+3)*+(En=2)*
95 = 2(67” +1+ (6n — Q)i)q(6m+1)2+(6n—2)2,

g6 =Y _(6m + 1+ (6n + 2)i)gOm+DH+(On+2)?,

m,n

Remark 5.10. If we write f144.9.c.a =: Sa +1V/2Sy, so that S, and Sy have integer coefficients and
f144.2.ca =t Sa — 125y, then (42)>n(12z) = Sq + Sp.

We are now in a position to prove the following theorem.

Theorem 5.11. Let
(5.17) B(q) := fifs = anq".
n=0

Then A(O) ; B(O)

Proof. Apply the dilation ¢ — ¢* in Equation (5.17) and multiply by ¢ to get
oo

(5.18) n?(42)n(122) = Z bpg L.
n=0

Define the sequence {s;} by

(0.9]
(5.19) f144.2.ca = Z stq".
t=1

From the exponents of the theta series at (5.16) it can be easily deduced that ift # 1 or 5 (mod 12),
then s; = 0. In particular, if p is a prime such that p =2 or 3or p =7 or 11 (mod 12), then s, = 0.
The recurrence relation for fi44.2., at powers of a prime p may be stated as follows:

(5.20) Sph+1 = SpSpk — X(P) P Spe-1, where

1, p=1,11 (mod 12)
x(p) = _
-1, p=5,7 (mod 12).

Hence if p = 7 or 11 (mod 12) is prime and & > 0 is an integer, |s,2x| = pF and sp2rr1 = 0. Note
also that sg = 0 (3 divides the level of f144.2.¢c.q, namely, 144) and hence s3x = 0 for all integers
k>1.

Next, if p=1 (mod 4) is a prime, then p = x? + y? for unique positive integers x and y with z
odd and y even. We consider the cases p = 1 (mod 12) and p = 5 (mod 12) separately. If p = 1
(mod 12), then p occurs as an exponent in exactly one of the series g; or g3 and not as an exponent
in either of the series g5 or gg. In either case(gy or g3) there are exactly two representations ((m, n)
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and (m,—n) in the case of g1, (m,n) and (—m — 1,n) in the case of g3). If p is represented by
(6m + 1)2 + (6n)? (so g1), then by the last equality at (5.15)),

sp = (6m+1+6n2) + (6m+ 1 —6nz) = 2(6m + 1),

so in this case s, = +2x (the sign depending on whether x =1 (mod 6) or 5 (mod 6)). By similar
reasoning, if p = (6m + 3)2 + (6n — 2)? (so g3), again by the last equality at (5.15),

sp = z((Gm + 3+ (6n—2)1) + (6(—m —1) + 34 (6n — 2)z)> = —2(6n — 2),

so in this case s, = £2y.
Finally, if p = 5 (mod 12), p occurs in the exponent of only the series g5 and gg, and exactly
once in each case. In this case, once again using the last equality at (5.15),

sp = (;—;> \/§<6m+1+(6n—2)i> + (—é—é) \f2<6m+1+(—6n+2)z‘>
= —i\/§<(6m—|— 1) — (6n — 2)),

so that in this case s, = +iv2(z + 7).

The reason for working out these explicit formulae for s, is to show that for any primep =1 or 5
(mod 12) that s, # 0 (mod p). The recurrence relation then implies s = (sp)¥ # 0
(mod p), and thus s,» # 0 for any positive integer k. Upon noting that the primes = 7,11
(mod 12) are precisely the primes = 3 (mod 4), and using the multiplicativity of the s;, we see
that, for any non-negative integer n,

Sant1 = 0 <= 3|4n+ 1 or ordy(4n + 1) is odd for some prime p =3 (mod 4).
By the remark following Lemma either s4p4+1 = by, OF Sqpt1 = z\/ibn, and hence
b, =0 <= 3|4n + 1 or ord,(4n + 1) is odd for some prime p =3 (mod 4).

The strict inclusion Ay G B(g) now follows since b, = 0 if ords(4n + 1) is non-zero and even and
ordy(4n + 1) is even for all primes p = 3 (mod 4), while a,, # 0 under the same conditions. O

Theorem 5.12. Let

(5‘21) B(Q) = Z bnqna C(Q) = Z qunv D(Q) = Z dnqnv
n=0 n=0 n=0

where B(q) is any of the eta quotients in Group XXV, C(q) is any of the eta quotients in Group
XXVIII, and D(q) is any of the eta quotients in Group XXIX of Table @ Then

(5.22) A) & Bo) & Doy
Aw) = Co) Z Do)
Moreover, if B(q) and B'(q) are any two eta quotients in Group XXV, C(q) and C'(q) are any two

eta quotients in Group XXVIII and D(q) and D'(q) are any two eta quotients in Group XXIX,
then

Proof. The proof uses Lemma and is virtually identical to the proof of Theorem Hence
details are omitted. We note that the eta quotients in Group XXV and group XXIX of Table[J] are
derived from the eta quotients in Groups I and II in Table 4| as a result of a ¢ — ¢ dilation, and
likewise the eta quotients in Group XXVIII and group XXIX of Table [9 are derived from the eta
quotients in Groups I and II in Table [5| as a result of a ¢ — ¢ dilation.
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The inclusion Ay & By for B(q) = f2 and Ay & C(o) for C(q) = f3 were shown above, where
these eta quotients were labelled E(q) and G(q)). O

The results in the next theorem also follow from Theorem but once again we give an alter-
native proof to illustrate a different method that utilizes other structure.

Theorem 5.13. Let

(524 B@ =22 S g, c=BAE 5
fififs = fifsfie ="

Then

(5.25) Ao & Boy, Ao G Coy-

Proof. Apply the dilation ¢ — ¢* in the eta quotients at m ) and multiply by ¢ to get

n(82)7n(48%) an+1, n(42)n(162)3n(242)? dnt1
bn " mn "
1(42)25(162)31(242) nz 1 1(82)2(122)n/(482) nch

s S () mo-£(SE )

Then one can check that

z 7 z
77(4;7)(2%7 ()1(;7;;438 <)24Z) S Fu() + S Bi(22) — S F(182) 4 S Br(92) 4 5 Ba(2) + S Bo(22) + 4u(122)%

n(d)n(162)°n(242)° 1o o Lo ZE1(182> B (92) - iEz( ) —

Define

2 Ba(22) + on(122)°,

n(82)2n(122)n(48z) 4 4 4 4
and thus
1 —4\ 9 —4\ 3 -3\ /12 3
=5 X (3)5 X (T)6 T (o) (7)+ fawn
d|(4n+1) d|(4n+1)/9 d|(4n+1)
1 —4\ 9 —4\ 3 3\ /12 3
=1 X (7)1 2 (7)1 X (o) (7) + g
d|(4n+1) d|(4n+1)/9 d|(4n+1)

where
oo
Z dnq™ = 1(122)*
n=1
Note that for m = szl (mod 4) per HqE3 (mod 4) qfq7

Z <—4) B {szl (mod 4)(€p + 1) if fg are all even,

d 0 if at least one of f; is odd,

dlm

and for n = mg?/ ! with ¢ =3 mod 4 and ged(m, ¢) =1

> (o) (0) - 5 2 ) (i)

1=0 d|m

fﬁ;(mm)( ) () ()



PGIGIESIE
2 () (E6)

dlm

=0.

Recall that a, = 0 if and only if 4n + 1 has a prime factor ¢ = 3 (mod 4) with odd exponent, and
by [18, Theorem 1.1, part (14)], d,, = 0 if and only if n # 1 (mod 12), or n = 1 (mod 12) and n
has a prime factor p Z 1 (mod 12) with odd exponent. So clearly, a,, = 0 implies that d,, = 0.
These altogether indicate that a, =0 = b, =0, ¢, = 0. Finally, one can check that ag; = 110
and bg; = 0, ag = 11 and ¢g = 0, and the claimed results follow. O]

Remark 5.14. There are other ways to prove the inclusion results above.

(1) The eta quotients B(q) and C(q) are those numbered 46 and 49 in Table[9, and hence the
inclusion results for B(q) and C(q) proved in Theorem also hold for their ¢ — —q
partners, the eta quotients numbered 45 and 50 in Table[9

(2) Theorem can also be proved by Lemma and has been covered by Theorem .
Theorem 5.15. Let B(q) and C(q) be defined by
2 £5 2 ¢4
BE g 10
f1fs f2fe
respectively, the eta quotients numbered 52 and 61 in Table 6. Then By = C.

Proof. Setting ¢ = €?™% it is easy to verify that both ¢B(¢*) and ¢C(g*) are holomorphic modular
forms, so are their 12-dissections

o o

12n4j 12n+j
E bizntjq' "7 and E Crontjq "
n=0 n=0

for 7 =1, 5, 9. Using Sturm’s theorem, one can verify that

o0 o0

12n+1 _ 12041
g bi2n+19 = E C12n+14 ,
oo 1 oo

12n45 _ 12045
E b12n159 =3 E C12n+54 ;
n=0 n=0
o0 oo

12n49 _ 12049
Z b12n+99 = Z C12n+99 .
n=0 n=0

The assertion follows.

Remark 5.16. As in Theorem[5.7, the proof of Theorem[5.15 is motivated by Lemma [{.4}

We end this subsection with the next two theorems that will be necessary for a full justification
for Theorem [7.11

Theorem 5.17. Let
oo
Alg) = f1 =) ang"
n=0

31



and let B(q) be any of the eta quotients in Entries 25, 33, 67, 129 and 145. Then

Ao) € Bo)-
Proof. Define
oo o ) 00
hi(q;j,k) = Z gHAmtD?+@ntk)® g0k Z Z (2A4m-)*+4(24n+k)?
m,n=0 m=0n=—oo
(o.)
. N\ 2 2 9
g1(q; j, k) = Z qRomHI)P 20k (0 g ke Z Z (20m+5)?+4(20n+k)?
m,n=0 m=0n=—o0

Then since B is a holomorphic modular form in 7, with ¢ = €2™*, ¢B (q4) is a linear combination of
hi(q;j, k) for i € {1,2} and 0 < j,k < 23 and g;(q;,7, k) for i{1,2} and 0 < j,k < 19. Any integer
4n 4 1 having a prime factor congruent to 3 modulo 4 with odd exponent cannot be represented
by either of (24m + )% + (24n + k)2, (24m + 5)% + 4(24n + k)%, (20m + j)? + (20n + k)?

(20m + 5)? 4+ 4(20n + k)2, and this implies that b, = 0. O

Theorem 5.18. Let
oo
= ff = Z anq"
n=0
and let B(q) be any of the eta quotients in Entries 41, 43, 107 and 139. Then
A(0) € B

Proof. Let C(q) be any of the eta quotients in Entries 19, 45, 109 and 143. By Lemma one can
tell that C(q) can be expressed as either

i i a(mjn)q%(mQ-i-nZ), i i a(mjn)q4m2+n27

m=—0o0 N=—00 m=—00 N=—00

Z Z 16m +n?

and deduce that Ay € C(p). On the other hand, by [19, Theorem 3.3, Eq. 3.2.5], Entries 19
and 41 of Table |§| have identically vanishing coefficients, as do entries 43 and 45 by [19] Theorem
3.3, Eq. 3.2.24], entries 107 and 109 by [19, Theorem 3.3, Eq. 3.2.2], and entries 139 and 143 by
[19, Theorem 3.3, Eq. 3.2.17]. Therefore, correspondingly, By = C(q), and this together with the
inference above yields the desire inclusions.

or

O

5.3. Eta quotients with vanishing coefficient behaviour similar to f{. Before considering
some examples of eta quotients with vanishing coefficient behaviour similar to f7, we consider a
connection with eta quotients with vanishing coefficient behaviour similar to f{f. We first prove
the following key result. Once again this result is a special case of Theorem but we prefer to
illustrate another method of proof.

Theorem 5.19. Let
(5:26)  Alq)=f{ =) and".  Blg)=fi=> bug", B'(q):=B(¢*) =) q"
n=0 n=0 n=0

Then

(5.27) Aw) S Bl
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Throughout the remainder of this section, A(q) and the sequence {a,} will be as defined at
(15.26).

Proof. Suppose a,=0. From Serre’s criterion , 3n+ 1 has a prime factor p = —1 (mod 3) with
odd exponent. If n is odd, then b}, = 0. Now suppose n is even, n = 2m, so that b), = b, = by,.
Since a, = agm =0, 3n+1 = 6m + 1 has a prime factor p = —1 (mod 3) with odd exponent. By
Serre’s criterion (3.2)), by, = bh,,, = b, = 0. Since a; = —8 and b} = 0, then A S By)- O

If C(q) and D(q) are any eta quotients in Table [7] or, alternatively, in any of the groups in
Figure [2] such that any of the following hold:
(528) B =Co»  BoZCo: B &Co=Do:  Bo %o & Doy

then Lemma [5.1] gives that similar relations hold for the eta quotients derived from these by a
q — ¢* dilation, namely,

(5.29) B'(q) :== B(qQ)7 C'(q) := C(q2), D'(q) := D(qQ),
or more precisely, that
(5.30) A) & Blo) = Cro); A & Blo) & Cloys

Aq) ;Ct BEO) ;Cé C(O) = D(O)’ A g: BEO) ; 0(0) ; D(O)'

The last statement is the reason we term the statement in Theorem a “key” result.
Some comments are in order.

(1) Most of the equality/inclusion results for sets of vanishing coefficients suggested by ex-
perimentation and displayed in Table [7] and in Figure [2] are as yet unproven. However,
experimentation strongly suggests they are true, which in particular would mean that the
entire graph in Figure [2] corresponds to a subgraph in Figure [4

(2) The reason that many of the eta quotients corresponding to ¢ — ¢? dilation of eta quotients
in Table do not appear in Table|11|is that the ¢ — ¢? dilation puts them outside the search
range we used. For a similar reason, some entire groups of eta quotients corresponding to
the ¢ — ¢ dilation of groups of eta quotients in Figure [2| are missing in Figure

(3) We do not ignore completely eta quotients C’(q) = C(q¢?) that are derived from an eta
quotient C(q) in Table While we may not have been able to prove By = C(g) or

By & Cg), it may be possible to prove Ay & Céo)? with A(¢) and B(q) as in Theorem
£.I9

The groups of eta quotients in Table [11] that are ¢ — ¢? dilations of groups of eta quotients in
Table [7] are listed in the following table.

Table 6: Groups of eta quotients in Table that arise as
q — ¢ dilations of groups of eta quotients in Table

fi Group f2 Group || f{f Group f$ Group
I v 111 A%
v VI \Y VII
VII XI VIII XII
X XIIT X1 XIX
XVI XXI XVII XXII
XVIII XXIIT XIX XXV
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Corollary 5.20. Let B(q) and C(q) be any two eta quotients in Group XXII, and D(q) and E(q)
be any two eta quotients in Group XXV of Table[11 Then

(5-31) Ao & Bo) = Doy B() = Cro). Do) = Eo)-
Proof. This follows from the remarks above, the facts that groups XXII and XXV in Table [L1] are,
respectively, the ¢ — ¢? dilations of groups XVII and XIX in Table ﬂ and Theorem ([

The next results are for the remaining eta products in Table Let

(5.32) = [} = anq . Clg)=fafo =) cnd", D(g)=fifr=:> dnq"

In [I8, Theorem 1.1}, exact criteria were also given for the vanishing of the by, ¢, and d,, and from
these one immediately gets

(5.33) Aq) = Bo), Ao & Coy, Ao & Doy
Once again, Theorem [7.1] . gives the last two inclusions, but just the Weaker result Ay € Bg)-
1-i

The next results are a consequence of the theta series expansions at ( and

Theorem 5.21. Let A(q) and the sequence {a,} be as defined at - above, let C(q) and D(q)
be any two of the eta quotients in Group XXIV and let E(q) be any of the eta quotients in Group
XXV of Table[I1. Then

(5.34) Aw = Co) & Eo) Co) = Do)

Proof. This will be shown for E(q) = fs only, as all the eta quotients in Group XXV have coefficients
that vanish identically, by Lemma and the fact that group XXV is the ¢ — ¢* dilation of group
IT in Table 4] We will also prove the results for C(¢) and D(q) being the eta quotients defined in
, since the other two eta quotients in Group XXIV of Table are the ¢ — —q partners of
these two. Define the sequences {¢,}, {d,} and {e,} by

(5.35)  C(q) := f3fs12 =: icnq" D(q) := f—25 =: idnqn E(q):= fs = Zenq”.
Nfafe = = ’

As with other proofs in this section, next apply a ¢ — ¢> dilation and multiply by ¢ to get

n(62)*n(92)n(362) _ N~ sni1 _ N~ ()2 0
(5:36) n(32)n(12z) (182) _nzzoc"qg =2 (§> 7
)

n=1
n(62)°

=S -6 - ()

7’(242) — ienQSnJrl — Z (f) an'

n=0 n=1

For each of the resulting modular forms, the second series expansion comes from , and
, respectively.

Serre’s criterion gives that a,=0 if and only if 3n + 1 has a prime factor p = —1 (mod 3)
with odd exponent. If a, = 0, then 3n+1 is thus not a square, and implies ¢, = d, = e, = 0.
The remainder of the statements in the theorem also follow from the theta expansions in (5.36)). [

The next results require the 2-dissections of some of the eta quotients listed in Lemma
Although the method and what it provides regarding vanishing coefficients is entirely elementary,
we include it for the sake of completeness.
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Lemma 5.22. The following 2-dissections hold.

f3 f3 fis
5.37 2 0,116
(557 I S

BT

JI — 2216
f 2 f Z f 126 f 8

Proof. Both of these follow from separating the corresponding series expansion at (3.9) and (3.15)),
respectively, into sums over odd and even n, and then using the Jacobi triple product identity
(4.10) to convert the resulting sums back into infinite products. t

Note that the second identity follows from the first by replacing ¢ with —q. From the point of
view of vanishing coefficients, suppose we take the first equation, for example, and multiply across
by any even eta quotient G(q?) to get

(5.38) B(q) = C(q) +qD(q),

where f5 f5 f2

(5.39) B(q) == G(¢°) %5 Clq) == G() = D(q) :=2G(¢°) =2,
fl 4 f4 16 fS

(note that C(q) and D(q) are actually functions of ¢?) then if D(q) is not identically zero, one has
that

This observation allows us to prove several inclusion results in Table Figure

Theorem 5.23. Let B(q) be either the first or second eta quotient in any of the following quadru-
ples, and let C(q) be either the third or the fourth:

(5.41) <f25f42 SR i 810) ( B/ fffg*)

f12f87f2f87 f126 ’ffffla ’ f%ff 1267f2f1267fz%f167 f126 ’
( 51 S fihe ffff’a) (f?fs fifs fS f2> (fé’ R R %é”)
F2fifsfse’ fafsfse’ [ifse f2fse) \F2U2 fo " F3f% "0 )\ o 1R 15 fR)

Then
(5.42) B(O) ; C(O)

Proof. In each case we prove the result only for B(q) equal to the first eta quotient in each quadruple
and C(q) the third eta quotient. The second quotient is the ¢ — —¢q partner of the first, and the
fourth is the ¢* — —¢* partner of the third for the first four quadruples. The fourth quotient is
also the ¢® — —¢® partner in the case of the fifth quadruple. In the case of each pair, we just
list the function G(q?) so that the pair (B(q),C(q)) at (5.38) and are the same as the pair
(B(q),C(q)) from (5.41). These values for G(q) are, respectively,

ﬁ fj fis F 2

fs’ o fsfis’ > v
That the resulting D(q) in each case is not identically zero follows from the fact that the resulting
B(q) is clearly not an even function. O

We note also that if B(q) and D(q) are as at (5.38) and (5.39) and E(q) := ¢D(q), then By &
E(p). However, none of these functions E(q) fall within our search parameters. As an example,
the E(q) corresponding to the first example at is E(q) = 2qfif%/f2, so that with B(q) =
3f2/(f?fs), we conclude By G E)-
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Remark 5.24. The quadruples of eta quotients listed at (5.41)) are those numbered, respectively,
(104,103,132,131), (121,122,131,132), (129,130, 141, 142), (138,137,143,144) and (150,149, 152,
151) in Table[11]

There are a number of other 2-dissection identities that lead to other inclusion results similar to
those in Theorem We collect those together in the next lemma.

Lemma 5.25. The following 2-dissections hold:

R L B
(5.43) T, = iz 3q f4f62 ,
fs  f9f8 fifeft
5.44 Js _ 3 :
o4 T
3R h
(5.45) fi  f2fie T fa’
h Rfiffs B
5.46 KA _
40 BTk AR
fofafty  fifefs
5.47 - _ 7
( ) flfS f42f6f224 qf2f§ 122
1 fE 1 e
A4 —
(5:48) Fifs ~ BRfE TR
1 ! fifs

NI

Proof. Identity (5.43) is Equation (1.35) in [15], and (5.44) is derived from ([5.43]) upon the re-
placement ¢ — —¢q. Identities (5.45) and (5.46)) are stated in Lemma 2.1 of [16]; identity (5.48)) is

stated in Lemma 2.4 of [16]; and (5.47)) is derived from the latter identity after replacing ¢ with

—q. Finally, (5.49) is stated in Lemma 2.3 of [16], and (5.50]) follows from ([5.49)), once again, upon
replacing ¢ with —q. ]

We now use some of these dissection results to derive inclusion results for vanishing coefficients
similar to those stated in Theorem [5.23

Theorem 5.26. Let B(q) be either the first or second eta quotient in any of the following quadru-
ples, and let C(q) be either the third or the fourth:

3fs I 118 fi’) (f§f3f12 fifs fifs f§f§ff‘2>
f2fe’ [3fshe [0 1308)  \ fifife’ f3fs’ fifie’ f3f3, )
(f:»? hfafs fif§ fgfgfflz) (f?‘?ff NfLfE 181 ff)
BB Bhe 5 ) \fihe BERY Bk R
(ﬁﬁ hhhﬁQﬁﬁﬁzﬂﬁ> <ﬁhﬁ ﬁﬁﬁﬁmgﬁﬁzﬁﬁ)
fufsfi fafe TGS fofiy) T\ Nifsfie’ fe T fifa T fifiz)]
< 20 A R )

FHE 13 18 [3 13 fe

(5.51) (

Then



Proof. As with the previous theorem, we prove the result just for B(q) taken to be the first eta
quotient in each quadruple, and C(q) the third eta quotient, as the second is the ¢ — —¢ partner
of the first, and the fourth is the ¢> — —¢® partner of the third.

In the case of each pair, we just list the function G(g?) and a 2-dissection from Lemma
so that after multiplying the indicated 2-dissection by G(¢?), the resulting eta quotient on the left
is equal to B(q), and the first eta quotient resulting on the right is the same as C(q). The pairs
(G(q?), 2-dissection) are, respectively,

7 7 3
(5.53) (J;z 1D , <];33‘?62, ) (1, (5-49)) , (J{; ) 7
4
(ﬁﬁ,aﬁo,cﬁhﬁiﬂﬁo,<%iawo.

4 f12 ’ 4

0

Remark 5.27. The quadruples of eta quotients in Theorem are, respectively, (7,8,75,76),
(9,10, 73,74), (15,16,73,74), (17,18,75,76), (19,20,72,71), (21,22,74,73) and (26,25,84,83) in
Table [T1.

The next theorem takes care of some exceptional cases that Lemma does not cover, and will
be necessary for the proof of Theorem

Theorem 5.28. Let
o
A(Q) = f18 = Eanqn
n=0

and let B(q) be any of the eta quotients in Entries 15 and 127. Then

Aw) € Bo)-
Proof. Define

. - mt7)? n-+k)2 . N — )2 AT
gi(gig, k)= Y qEmTTESCIIRT g (g k) =Y Y qPAm )T

m,n=0 m=0n=-—o00
. = i)2 2 . - > 2 2
g3(qsj k) = Y BTG g (g k) =) Y qBm ISR

m,n=0 m=0n=—o00

Then ¢B(q?) is a linear combination of g;(q; 7, k) for i = 1,2 and 0 < j,k < 23, and ¢;(q;, j, k) for
i =3,4and 0 < j,k < 83. Recall by Item (4) of Theorem that a, = 0 if and only if 3n + 1
has a prime factor congruent to 2 modulo 3. Clearly, such an integer 3n + 1 cannot written as
(84m + 7)? + 3(84n + k)% or (84m + j)? + 12(84n + k)2, and therefore, b, = 0.

]

5.4. Eta quotients with vanishing coefficient behaviour similar to f{° Similar to the
practice adopted in previous sections, throughout the present section A(q) will be defined by

(5.54) Alq) == fi° = Zanq”.
n=0

Since r = 2 is the only non-trivial proper divisor of 10 for which f{ is lacunary, the only eta
quotients B(q) in Table that are derived through dilation of eta products in other tables in
the paper arise through the dilation ¢ — ¢° applied to the eta quotients in Table 4. We have the
following theorem.
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Theorem 5.29. Let B(q) and C(q) be any two eta quotients in Group XXIV, and D(q) and E(q)
be any two eta quotients in Group XXV of Table[15 Then

(5.55) Ay G By & Doy, By = Co); Do) = E(o)-

Proof. Will just prove that Ay S B for B(q) = f2 = B'(¢°) = Y 7" bnq" where B'(q) = f{ =

Yoo b,q", since the other statements will then follow from Lemma and the facts that groups

XXIV and XXV in Table [13] are, respectively, the ¢ — ¢° dilations of groups I and II in Table
Apply the dilation ¢ — ¢'2 to both A(q) and B(q) and then multiply by ¢° to

(5.56) n(122)! Z angt? s, n(60z)? Z bngt?n s,

and suppose a, = 0, so that by Serre’s criterion , 12n + 5 has a prime factor p = —1 (mod 4)
with odd exponent. If 5 { n, then clearly b, = O, so suppose 5|n, or n = 5m for some integer m.
So 12n + 5 = 5(12m + 1) has a prime factor p = —1 (mod 4), and thus that 12m + 1 has a prime
factor p = —1 (mod 4). By Serre’s criterion (3.1]), then ¢{, = 0, so that b, = bsn, = bl,, = 0. Since
a1 = —10 and by = 0, then Ay G B(g) follows. O

Theorem could have been used to prove the A ; By step, but again we prefer to give an
alternative proof.

As was the case with the eta quotients in Table there are pairs of eta quotients in Table
such that one of the pair is the even part of the other, so that some of the 2-dissections at (5.37)
and - may be used to derive results similar to those in Theorems [5.23| and [5.26,

Theorem 5.30. Let B(q) be either the first or second eta quotient in any of the quadruples of eta
quotients, with let C(q) be either the third or fourth eta quotient in the same quadruple:

(5.57) <f29 i f§’fs> <f21°f3f12 Flfe RIZ i )
i BOBIE 1) Bl ffs  he RS20
(5 L DR _Gf ) (LB ARAR RS )
Nl B35 he fféfsfi) T\ Sifsfy] fafh T fafafd FEFESS,
(f28f3f122 fihe f ff> ( B2 Ahfhe 5 f%féfg)
ﬁf‘% 63’ fafs " fo e flf?fi"fé“ félfﬁfél fzfefs fafi2
<f2f§’f12 f1f4f6 fi ff) <f§’fg fifsfiz fofafis f4f6fg>
iz BEm kR "\l fo fAE faofiz )
(f%féf{a “féfl% 1313 f§f§f8>
ol 21315 LIS Iaf3) [3 131813, fafie

Then
(5.58) ( = C’( 0)-

Proof. As with proofs in the previous section, we prove the result just for B(q) being the first eta
quotient in each quadruple, and C(q) being the third eta quotient, as the second is the ¢ — —¢q
partner of the first, and the fourth is the ¢> — —¢? partner of the third.

As in the proof of Theorem [5.26] we confine the proof, to simply listing, in the case of each pair
B(q) and C(q), the function G(¢?) and a 2-dissection from Lemma so that after multiplying
the indicated 2-dissection by G(q?), the resulting eta quotient on the left is equal to B(q), and the
first eta quotient resulting on the right is the same as C(q). The pairs (G(¢?), 2-dissection) are,
respectively,
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13 f3° fiz I3 fof8
(559) f 7 ’ fff 7 ’ f 7 ’ f3 " )
<f2f12 -) <f4f6 > <f2f12,> <f2f6’> ( f8f122 ,>.
fofd’ fE f fofif3 fs

O
Remark 5.31. The quadruples of eta quotients listed at (5.57)) are those numbered, respectively,

(5.60) (3,4,89,86), (5,6,88,87), (21,22, 88,87), (44, 43,84, 83),
(72,71,100,99), (52, 51,91, 92), (70,69, 100, 99), (62, 61,97, 98), (50, 49, 91, 92).
in Table[13.

We next consider an different method than those employed previously, where we showed either
that B(g) = Cg) or that By & C(g) for two eta quotients B(q) and C(q). The idea is to look for
eta quotients in Table [L3| which may be expressed as a product of two eta quotients with single-sum
theta series expansions, as in Lemma This means that any such eta quotient in Table [13|as a
double-sum theta series. We may then employ properties of the theta series. The list of such eta
quotients is displayed in Table The numbers and Roman numerals are those assigned to the
eta quotients in Table

We briefly explain the purpose of developing the double theta series expansions in Table
These explanations also apply to the other similar tables related to f{, r = 4,6,8,14 and 26, and
fif3. By Serre’s criterion, a, = 0 if and only 12n + 5 has a prime factor p = —1 (mod 4) with
odd exponent. Now consider another eta quotient B(q) = > ° bng" in Table Suppose that
the corresponding modular form ¢°B(q'?) appears in Table [14] and the corresponding double theta
series has one of the quadratic forms m? +4n2, 1/2(m? +9n?), 5/2(m? + n?). Then by Lemma
if a, = 0 one also has that b, = 0, implying that Ay C B(g). See Lemma for more details.

Remark 5.32. In the case of all the eta quotients from Group I in Table ideally, to get
Aoy = By, one would like to show that if 12t +5 does not have a prime factor p =3 (mod 4) with
odd exponent, then by # 0. However attempting to use the theta series representations to show this
is likely not so straightforward, so we do not consider that here.

We end this subsection with the following three theorems accounting for the exceptional cases
not covered by the item (4) of Lemma[3.7]

Theorem 5.33. Let A(q) = f1° =: Y00 ang™ and let B(q) =: 320, buq™ be the eta quotients in
Entry 71 of Table[13. Then
Ao & By

Proof. By Item (4) of Lemma one can see that A S C(gy where C(q) is the product in Entry
70 of Table On the other hand, by [19, Theorem 3.7, Eq. 3.4.8] one finds that C(g) = B(q).
These yield the desired inclusion. ]

Theorem 5.34. Let A(q) = f1° =: 300 ang" and let B(q) =: >_o0 ,baq™ be the eta quotients in
Entry 81 of Table[13. Then

Ao & By
Proof. Define

glgig k)= Y qp(O@ImHHEnR?)
m,n=0

Then viewed as holomorphic modular form for ¢ = *™#  ¢®B(—q'?) = 322 /¥/,¢'*" is a linear

combination of g(—gq; j, k) for 0 < j <23 and 0 < k < 71. It is clear that any 12n+5 having a prime
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factor congruent to 3 modulo 4 with odd exponent cannot be written as 9(24m + j)2 + (72n + k)2,
and this implies that b/, = 0. Clearly, the coefficients of ¢° B(—¢'?) vanish identically with that of
¢°B(q'?). Therefore, b, = 0, and the desired inclusion follows. O

Theorem 5.35. Let A(q) = f{° =: Yo" qang" and let B(q) =: Y o bug" be any of the eta
quotients in Entries 93, 95 and 101 of Table[13. Then

Ay & Boy-

Proof. As the treatments are similar, we illustrate these with the case of Entry 95. By Table
one finds that

i i (_1)m <f> 12m?2+4-5n2 Z b q12N+5

One can assume n to be odd, and by the quadratic reciprocity law, one has that for

12 n—=1 /TN
)~ o ().
() =0 (5
Let 12N + 5 be a positive integer having a prime factor p = 3 (mod 4) with odd exponent e, so
that (—1)m(—1)%1 (%) is counted into by. Suppose that 12N + 5 is representable by 12X% +5Y2,

say, 12N +5 =N ( (2m + 5v—15 )) where p is the prime ideal over 3. So by the ideal theory of
Z[/—15] and the assumptlons one can decompose p(2m + §v/—15) as

(2m+ \/T) = (m1 —|—n1\/—715) <m2+%\/—715)p

ming + 3meon
= <(m1m2 — 5111112) + %\/ —15) p,

where exactly one of the ideal factors has norm of p°. By assumption, one must have that
N ((m2 +%+/=15)p) = 3 (mod 4), so my = 1 (mod 2) and nz = 0 (mod 2). Also, since
mimg —5ning = 0 (mod 2) and ming +3mon; = 1 (mod 2), one deduces that mong; =1 (mod 2).
One can see each solution

(m1 4+ n1v/=15) (m2 + 52 V=15) p

gives rise to exactly one other solution

+3 —6
(m1 + n1v —15) (m2 — % —15) p= ((m1m2 + 5n1n2) _ e m23n1 2 V —15) p,

so that

myma+5ngng myng+3mong —6mong —1 (mlng + 3mong — 6m2n1>
2

(1) :

m1m2;5n1n2( 1)M1n2+552m2”1—1 <m1n2 + 3m2n1>

——(-1) .

n—1
= (-1 (%)
(=D)™(=1) 3
is also counted by by, where the minus sign follows from the facts that mon; = 1 (mod 2) and

ning =0 (mod 2). Hence, by = 0. O
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5.5. Eta quotients with vanishing coefficient behaviour similar to f}*. Throughout section
we follow the practice of previous sections, and define A(q) by

(5.61) Alg) == fi* = Zanq".
n=0

As in the case of fi%) the only eta quotients B(q) in Table [15| that are derived through dilation
of eta products in other tables in the paper arise through the dilation ¢ — ¢” applied to the eta
quotients in Table 4l From this we derive the next theorem.

Theorem 5.36. Let B(q) and C(q) be any two eta quotients in Group XIV, and D(q) and E(q)
be any two eta quotients in Group XV of Table[15 Then

(5.62) A) & Bo) & Do) By = C(o), Do) = E).-

Proof. The proof is essentially the same as the proof of Theorem u Will Just prove that A(O) =
B for B(q) = f2 = B'(q") = >0 bng" whereB()—fl—E o b,q". As in the proof of

Theorem [5.29] the other statements will then follow from Lemma [5 and the facts that groups

XIV and XV in Table 15 u are, respectively, the ¢ — ¢* dilations of groups I and II in Table |4
Apply the dilation ¢ — q12 to both A(g) and B(q) and then multiply by ¢7 to

(5.63) n(12z)! Za gt n(84z)? Zb gt

and suppose a, = 0, so that by Serre’s criterion , 12n 4+ 7 has a prime factor p = —1 (mod 3)
with odd exponent. If 7 { n, then clearly b, = 0, so suppose 7|n, or n = Tm for some integer m.
So 12n 4+ 7 = 7(12m + 1) has a prime factor p = —1 (mod 3), and thus that 12m + 1 has a prime
factor p = —1 (mod 3). By Serre’s criterion (3.1]), then b, = 0, so that b, = bz, = bl,, = 0. Since
a; = —14 and by = 0, then Ay G B(g) follows. O

As was the case f{ and f°, there are pairs of eta quotients in Table|15|such that one of the pair
is the even part of the other, so that some of the 2-dissections from ([5.37) and ( - may
be used to derive strict inclusion results for the index sets of vanishing coefficients.

Theorem 5.37. Let B(q) be either the first or second eta quotient in any of the quadruples of eta
quotients, with C(q) either the third or fourth eta quotient in the same quadruple:

2L R f3fafefoa [ifsfifoa faf
(564 <f1f4’f2f4 73 2’f2f8) <f1f3f8ffg’ fofsfio ’f6f24’f6f8>’
<f3f4f24 1l 8 foa [2f6fou f22f8f12> <f27f3f24 T2f2fofoa [2fofou f22f8f12>
fifefsfiz” [3f3fsfly fafsfh’  fafe FRfafefs’ f2fsfshie’ f3fsft’ fafe )’
<f1fz§félf162 BIife 2 f22f6f8f122)
fzgf?i,)’foM’flf(?f8f24’JLQQQJCGJCSJC%A:7 f4f24
< S 13 f3 f13 SRt f22f6f8f122)
Fafaf3fsfsy [RRafSfsf3y fafefsfay’  fafoa '

Then
(5.65) B(O) ;Cé C’(O).

Proof. Once again, we prove the result just for B(g) being the first eta quotient in each quadruple
and C(q) being the third eta quotient, as the second is the ¢ — —q partner of the first, and the
fourth is the g> — —¢? partner of the third.
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As with the similar proof of previous theorems, we confine the proof to simply listing, in the
case of each pair B(q) and C(q), the function G(¢?) and a 2-dissection from Lemma so that
after multiplying the indicated 2-dissection by G(g?), the resulting eta quotient on the left is equal
to B(q), and the first eta quotient resulting on the right is the same as C(q). The pairs (G(¢?),
2-dissection) are, respectively,

(5.66) <znf§ ) <f22f4fg’f24 ) (fff24 >
' = ’ fsfl, T "\ Sefsfiz' = ’

; 3146 342 £9
(4 ) (345 63). (i )

24

O
Remark 5.38. The quadruples of eta quotients listed at are those numbered, respectively,
(5.67) (3,4,68,67),(46,45,79,80), (41,42,73,74), (44,43,73,74), (40, 39, 66, 65), (38, 37, 66, 65),
in Table[13.

As with Table there are a number of eta quotients in Table [L5| which may be expressed as a
product of two eta quotients with single-sum theta series expansions, as in Lemma These are
collected in Table [16l

Remark 5.39. As was the case with Table[IJ), in the case of all the eta quotients from Group I in
Table ideally one would like to show that if 12t +5 does not have a prime factor p =2 (mod 3)
with odd exponent, then by # 0, to get Agy = B(g). Once again, this does not seem straightforward,
so we do not apply that approach here.

Theorem 5.40. Let A(q) = fi* =30 anq" and let B(q) = Y o2, bug" be any of the eta quotients
in Entries 41, 43 and 45 of Table[I5 Then

A & B
Proof. Define

g(q:j, k) = Z q4(24m+j)2+3(24n+k)2.

m,n=0

Then viewed as holomorphic modular forms for ¢ = €2™*, ¢"B (¢'?) is a linear combination of
9(q; j, k) for 0 < j,k < 23. Recall by Item (6) of Theorem that a, = 0 if and only if 12n + 7
has a prime factor congruent to 2 modulo 3 with odd exponent. Clearly, such 12n + 7 cannot be
written as 4(24m + j)? + 3(24n + k)2, and thus, b, = 0. The desired inclusion follows. O

We take this opportunity to give another example of how computer experimentation can generally
assist in a proof, and also to exhibit another method for proving inclusion results. We illustrate
this by giving an alternative proof of Theorem [5.40]in the case of Entry 45 in Table namely,

_ fif3f3 fa
(5.68) Bl = fafshiz

Computer experimentation suggests that the linear combination of the g(g;7j, k) that equals
q"B(q"?), as mentioned in the proof of Theorem contains 160 terms. Examination of the
9(q; j, k) in this sum and some further experimentation suggests that these 160 terms can be com-
bined into just two sums, as in the following theorem.
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Theorem 5.41. Let B(q) be as at (5.68)). Then

(5.69) ¢"B(q")

o0 oo
12 24\ ym2i3n2 (m)Q (n) n\2 (2)4+m+1_16m?+3n2
- ) (= LI s 2—(7) 1 m+L g 16m?+3n®
Z<m><n>q 2 (5) G 3) ) a
m,n=0 m,n=0
Remark 5.42. There are alternative approaches.
(1) Note that A ; By follows by the same argument that was used in the proof of Theorem

since the exponents have the same form, namely M? + 3N2.
(2) One could also prove (5.69)) by checking that coefficients in the series expansion of each side
agree up to the Sturm bound.

Proof of Theorem [5.41 From (3.11)), the first sum at (5.69) may be written as

i (12) <24> Am2+3n2 7 fo6 [P
m n fr2foss

m,n=0

By the second summation at (3.10)) (first replacing ¢ with —q and then making the dilation ¢ — ¢*°)
the sum over m in the second series at (5.69) may be written as

>\ /my2 2 2
Z (3) (_1)mq16m _ _q16f48f288_
= foe f144

Splitting the sum over n in the second series at ([5.69) into two sums, one with 3|n and the second
with 31 n, one gets

> () (z - (§)2> SO (1”) )1 + i (5) W12

n=0 n=0
3tn

o0 n [o¢] n
_ TV\  3n2 TV\  27n?
=3 (5)d" 32 (5) ™

Next,
[o¢] n o0 (o]

TV 3n2 3(8n+41)2 3(8n+7)2\ 3(8n+3)>2 3(8n+5)>2
> () a = 0 (P ) = 3 (0 )
n=0 n=0 n=0

o (o ¢]
2 2
_ Z q3(8n+1) _ Z q3(8n+3)
n=—oo n=—oo
o @] 9 (o0 )
_ q3 Z q192n +48n _q27 Z q192n +144n
n=—oo n=—0oo

— B(gM, P10 381 38

J24.fo6
fas

The penultimate equality above follows from the Jacobi triple product identity (4.10)), and the last
equality is a consequence of an identity of Hirschhorn [I3, Lemma 1] (after a dilation ¢ — ¢**),

27(—(]48, —(]336, q384; (]384)OO

f2 7 7 -
fr= fa (Jo,16 — ¢J2,16) , Where Jom == (—¢*, =" 4" " )ox.
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After treating > > ( ) q27” similarly, one gets that | is true if it can be shown that
J foofisa 410 f1s f3ss <q3 faafos L34 f216f864)

Jr2foss fo6f144 Jas faza )
or after dividing through by ¢7 and applying the contraction ¢'? — ¢, if it can be shown that

hisfifa _ fsfly  af2f3 3q3f4f18f224f72
fafsfi2 f6.f24 fi2 fsfiafze

q'B(¢"?) =

B(q) =

y (5-47),
S1f313 fa _ fefty f4f6f24

fafsfiz  fefau f2f8f127
So, upon comparing the two expressions and after a little manipulation, the result will follow if it
can be shown that

fofs _ fifefoa o2 isfr

fo BRI B

However, this is an easy consequence of combining the following two identities (the ¢ — —¢ partners
of two identities given by Hirschhorn [14] page 132])

fifs _ fahofis qf9f36
o f315f3 fis
f5 fis | 2af§fefse

— + ,
B1E f3f3  fhafis
and then replacing ¢ with ¢2. ]

5.6. Eta quotients with vanishing coefficient behaviour similar to f{f;. The lacunary eta
product

(5.70) A(q) := ff’fg’ =: Zanq”
n=0

is not one of the eta quotients considered by Serre [29], but as Table |19 and Figure [§| show, there
are over one hundred eta quotients B(q) for which evidence suggests that either Ay = Bg), or
A ; B(p). For this reason we state and prove a criterion for when a, = 0 that appears at the
end of Subsection [3.2] Before getting to that, we have the following lemma that arises from first
replacing ¢ with ¢® in the expression for A(g) and then multiplying by ¢3. The proof is realized by

comparing coeflicients up to the Sturm bound.

Lemma 5.43. The following identity holds.

(5.71)
n(82)%n(162) Z a3 = F198.3.40 — fr2s3.40
8v2
= ¢’ = 3¢"" = 3¢" + 14¢*" — 15¢" — 2! — 150 + 21" + 25" + 9¢* — 69¢* + -+ |

and
(5.72) fioss.an =Y (4m+1+ dny/—2) g1 2(4n)?

m,n

=3 (4m 4 1+ (4n + 2)y/—2)2qlimD 2042

m,n
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— i3 (dm 4 1+ (dn 4 1)y/=2)2qm D ()R

m,n
03 (4m 1+ (dn + 3)y/=2) g 2
m,n

=q—4v2¢3 + 23¢° + 12v2¢' — 2¢'7 4+ 12v2¢"° + 25¢%° — 56v/2¢%" — 96¢3°
— 46¢™ + 60v/2¢™ + 49¢™ + 8v2¢°" — 96¢°7 + 60v2¢>° — 841/2¢% + 142¢™
—100v2¢™ + 241¢%" — 36v/2¢%* — 146¢%° + 94¢°7 + 276v/2¢% + - - - .

_ Here f128.3.4.6 is the CM form of weight 3 and level 128 labelled 128.3.d.b|in the LMFDB, and
Fio8.3.4p 18 its V2 — —1/2 conjugate. We use this lemma to derive the following criterion.

Theorem 5.44. Let a,, be the sequence defined at (5.70) above. Then
(5.73) an =0 <= ord,(8n+ 3) is odd for some prime p=>5 or 7 (mod 8).
Proof. Define the sequence {s;} by

o
(5.74) frossan =Y siq".
=1

It is clear from the exponents of the theta series at (5.72)) that if ¢ Z 1 or 3 (mod 8), then s; = 0.
In particular, if p is a prime such that p=2or p=5 or 7 (mod 8), then s, = 0. Next consider the
recurrence relation for fi9g.3 45 at powers of a prime p:

(5.75) Sph+1 = SpSpk — X(p)pzspk-l, where

1, p=1,3 (mod )
x(p) = _
-1, p=5,7 (mod ).

Hence if p =5 or 7 (mod 8) is prime and k > 0 is an integer, s,

Next, if p =1 (mod 8) is a prime, then p = z2 + 22 for unique positive integers  and y, with
x odd and y even. If y =0 (mod 4), then p occurs only in the exponent of the first theta series at
, and there are exactly two representations (the second coming from replacing n with —n).
Hence

sp = (4m + 1+ 4nv=2)? + (4m + 1 — 4nv/=2)% = 2((4m + 1)* — 2(4n)?) = 2(2* — 2¢?).
A similar analysis of the case y = 2 (mod 4) shows that p occurs only in the exponent of the second
theta series at , there again being two representations, and that in this case s, = —2(x?—2y9?).

On the other hand, if p = 3 (mod 8) is a prime, then p = x? 4+ 2y? for unique positive integers
z and y, with = and y both odd. In this case p occurs in the exponent of just the third and fourth
theta series at , and occurs exactly once in each case. A similar computation in this case
shows that, up to sign, s, = 4 2zy.

A key point is that for any prime p = 1 or 3 (mod 8), then the explicit formulae given above
imply that s, # 0 (mod p). The recurrence relation then implies s, = (sp)¥ # 0 (mod p),
and thus s x # 0 for any positive integer k. Upon putting all of these pieces together and using the
multiplicativity of the s;, we see that, for any non-negative integer n,

2k = pk and Sp2k+1 =0.

sgn+3 = 0 <= ord,(8n + 3) is odd for some prime p=5or 7 (mod 8).

The result now follows since from (5.71)) and (5.74) one has that
58n+3
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The next two theorems are inspired by [18, Theorem 1.1, (12)-(18)] in which the eta quotients
of weight 1 lie in some space of CM forms of weight 1, so that they can be written as a linear
combination of theta series associated with a binary quadratic form (see [21] for details on the
notion of CM forms of weight 1).

Theorem 5.45. Let
(5.76) Blg) = fifs=>  bnq"
n=0

Then A(O) ; B(O)
Proof. 1t can be checked that

1 2 2 2 2
3 _ = 3ze42xy+43y° 1lx*+4xy+12y
Qf8f64—2<;q D g )

m,n
Note that

322 + 2zy + 43y% = < (37 + y)? +2(8y)?)

W =

and )
1122 + dzy + 12y% = T (112 + 2y)* + 2(8y)?)

and the primes 3 and 11 are split in Z[v/—2], so any integer n such that 8n + 3 has a prime factor
p=5,7 (mod 8) with odd exponent is not representable by 3z% 4 2zy + 43y? or 1122 + 4y + 12y
Therefore, for such integers, b, = 0, and the assertion follows. O

Theorem 5.46. Let

(5.77) clo) =88 S e
Lfs =

Then A(O) ; C(O)

Proof. One first verifies that
A8 _ 515
f16f24 2

1 2 2 2 2
Sy = 5 <Z qx +96y~ quﬂw +32y )
m,n m,n
1 42+ 4xy+25y°2 1122 4+10zy+11y?
[z S 7

where

m,n m,n
1 2 2 2 2
Sy = 5 <Z q:v +96y + Zqi’)x +32y )
m,n m,n
1 2 2 2 2
o 5 (Z q4x +4xy+25y + qulx +10zy+11y )
m,n m,n
are CM newforms of weight 1. For i = 3,4, writing
oo
Si =Y si(n)g",
n=0
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it suffices to prove that s4(n) — s3(n) = 0 for n having a prime factor p = 5,7 (mod 8) with odd

exponent. Since S; are CM newforms, for n = Hp|n peP,

si(n) =[] si (o).
pln
Now note that

2?2 +96y2=0,1 (mod 8),
32 4+ 3242 =0,3,4 (mod 8),
42?4+ 4zy + 252 = 0,1,4  (mod 8),
1122 + 10zy + 113° = 0,3,4  (mod 8).

So for p = 5,7 (mod 8), s;(p) = 0, and thus, s;(p®) = 0 for e, odd by the recursive formula for
si(p™). This demonstrates the assertion. O

Theorem 5.47. Let
(5.78) B(g) = buq", Clg) = end",
n=0 n=0

where B(q) is any of the eta quotients in Group XVII, and C(q) is any of the eta quotients in
Group XVIII of Table[19. Then

(5.79) A©) & By = Co)-

Further, all of the eta quotients in Group XVII of Table [19 have identically vanishing coefficients,
as do all of the eta quotients in Group XVIII.

Proof. Tt is enough to prove Ay & By for B(q) = f3, since the eta quotients in group XVII and
group XVIII of Table are derived, respectively, from the eta quotients in Groups I and II in
Table [5| as a result of a ¢ — ¢ dilation, and hence Theorem will follow in full from Lemma
B

Apply the dilation ¢ — ¢® to both A(q) and B(q) and then multiply by ¢> to get

qSA(qS) - Zanq8n+3 = 77(82)377(162)3 q3B(q8) — anq8n+3 — Z(—l)"@n + 1)(]3(2n+1)27
n=0 n=0 n=0

where the last equality follows from after the dilation ¢ — ¢**.

Now suppose a; = 0, so that 8¢ 4+ 3 has a prime factor p = 5 or 7 (mod 8) with odd exponent.
Clearly such an integer cannot be represented by 3(2n + 1)? and hence b; = 0, showing that
A(O) - B(O). Since a; = —3 and by = 0, the result follows. O

As was done in the previous two sections, we examine eta quotients in Table [I9] that are express-
ible as products of eta quotients that have expressions as single sum theta series from Lemma [3.6]
These double-sum theta expansions may be seen in Table

Remark 5.48. Some integers of the form 8t+ 3 with an odd prime factor p =5 or 7 (mod 8) with
odd exponent are representable by the other two forms that appear as exponents of theta series in
Table namely 3m? +8n? (for example, 35 = 3(3%) +8(12) = 3(12) +8(22)) and 3m? + 16n? (for
ezample, 91 = 3(3%) +16(22) = 3(52) +16(12)). In these cases, it is the sum of the coefficients over
the various representations of 8t + 3 that vanishes.

Finally, the last theorem of this section supplements the cases missed by Item (7) of Lemma
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Theorem 5.49. Let A(q) = f3f3 = Y0 yang” and let B(q) = Y oo qbnq™ be any of the eta
quotients in Entries 39 and 45 of Table[I4 Then

A() € Booy-
Proof. Define

o N2 2 > -2 2
gi(g; g k) = D BT TR g (g, k) = Y PSR

m,n=0 m,n=0
o N 2 > )2 2
93(q: 7, k) = Z q(54m+]) +2(54n+k) o galqi g k) = Z q(54m—|—j) +8(54n+k) 7

m,n=0 m,n=0

Then ¢3B(¢®) is a linear combination of g;(q; j, k) for i € {1,2} and 0 < j, k < 23 and g;(q;, j, k) for
i€ {3,4} and 0 < j,k < 53. By Item (7) of Theorem we know that a, = 0 whenever 8n + 3
has a prime factor congruent to 5 or 7 modulo 8. Clearly, such positive integers 8n + 3 cannot be
written as either (24m + j§)? + 2(24n + k)? or (24m + 5)? + 8(24n + k)2, and thus, b, = 0. The
desired inclusion follows. O

6. SOME REMARKS ON THE ETA QUOTIENTS ASSOCIATED WITH f2Z0

Define the function A(q) and the sequence {a,} by
(6.1) Alq) == 3% = Zanq”.
n=0

Recall that, from , one has that a,, = 0 if either of two conditions on 12n + 13 hold. Thus we
do not have an “if and only if” condition determining precisely when a,, = 0 (in contrast to the
situation with the other powers of f; considered by Serre [29]), so that we do not know exactly the
content of A(g).

In previous sections, when the evidence suggests conjectures of the form A = Bg) or A
S B for eta quotients A(q) and B(q) where A ) is known, in theory such conjectures are provable
by determining B exactly using one of the methods used elsewhere in the paper, and then
comparing B(g) with A(y. For the reason mentioned (A not known precisely), it is not possible
to prove similar theorems when A(q) = fl%. In this case, in place of theorems we have conjectures.
In support of some conjecture of the form Ay = By or A ;Cé Bg), for some eta quotient
B(q) =: >0y anq™, we show that b, = 0 if 12n + 13 satisfies the same conditions above that imply
an, = 0. Alternatively, the conjectures made may be based on the conjecture that Serre’s criterion
(3.7) may be extended to the following “if and only if” statement:

Conjecture 6.1. Writing

00
(6.2 P =Y ang,
n=0
one has that ay, = 0 if and only if either of the following holds:
(1) 12n + 13 has a prime factor p1 = —1 (mod 3) with odd exponent and a prime py = —1

(mod 4) with odd exponent (it may be that p1 = p2),
(2) 12n + 13 is a square and all prime factors p satisfy p = —1 (mod 12).

Conjecture 6.2. Let A(q) be as at (6.1) and let B(q) be any eta quotient in Group XVII, and
D(q) be any eta quotient in Group XVIII of Table[17 Then

(6.3) Ay & By & Doo)-
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Remark 6.3.

(1) We note that if the statement Ay S Bo) could be proven for B(q) = ff3 = B'(¢"*) =
>0 o bng™ where B'(q) = f£ = Yo bhq", then, as in the proof of Theorems and
[5.56, the other statements would follow from Lemma [5.1] and the facts that groups XVII
and XVIII in Tablen are respectwely, the ¢ — ¢'3 dzlatzons of groups I and II in Tablem

(2) The particular case Ay G B(o) mentioned in (1) can be shown to hold if the “if and only
if 7 statement following holds. Suppose that is the case and apply the dilation ¢ — ¢
to both A(q) and B(q) and then multiply by ¢*> to obtain

(6.4) n(12z)? Za g2, n(1562)> Z bngt? 3,

and suppose a, = 0. If 13 1 n, then clearly b, = 0, so suppose 13|n, or n = 13m for some
integer m. So 12n+13 = 13(12m+1) and since a, = 0, and clearly 12n+13 is not a square
with all prime factors = —1 (mod 13), one has that 12n+ 13. Hence 12m+ 1, has a prime
factor p = —1 (mod 3). By Serre’s criterion (3.1)), b, = 0, so that by, = bizm, = b, = 0.
Since a; = —26 and by = 0, then Ay G By would follow.

As with Table and Table there are also several eta quotients in Table which may be
expressed as a product of two eta quotients with the single-sum theta series expansions listed in
Lemma [3.6] These are collected in Table [I8 To make use of the theta series representations in the
table, we need the following elementary result.

Lemma 6.4. Suppose 12t 4+ 13 satisfies either condition or condition following (6.2). Then
12t 4 13 is not represented by either of the quadratic forms 9m? + 4n? or m? + 12n2.

Proof. Suppose 12t + 13 satisfies condition , so that 12¢+13 has a prime factor p; = —1 (mod 3)
with odd exponent and a prime p; = —1 (mod 4) with odd exponent (it may be that p; = po2).
Then 12t + 13 is not represented by 9m? +4n? = (3m)? + (2n)? by Lemma and 12t + 13 is not
represented by m? + 12n? = m? + 3(2n)? by Lemma

On the other hand, if 12¢ 4 13 satisfies condition (2]), so that 12¢ + 13 is a square and all prime
factors p satisfy p = —1 (mod 12), then all prime factors p satisfy p = 2 (mod 3) and p = 3
(mod 4). Hence, if 12t + 13 = 9m? + 4n? = (3m)? + (2n)?, then all primes p divide both 3m and
2n by Lemma This leads to a contradiction after cancelling all prime factors on each side.
Likewise, if 12t +13 = m?+12n2 = m? +3(2n)2, then all primes p divide both m and 2n by Lemma
[3-3] leading to a contradiction. O

This lemma leads to the result in the following theorem.

Theorem 6.5. Let B(q) = > o2 ,bnq™ be the eta quotient in Entries 79 of Table . Then b, =0
when 12n + 13 satisfies either condition or condition following (6.2]).

Proof. Define

. > m -\ 2 n 2 . > m -\ 2 n 2
h(gijo k)= > q*C2mHT9Enth™ and  g(g;j.k) = Y Pt HIRGn R
m,n=0 m,n=0

Then ¢'3B(¢'?) = 3°°° , byg'?" 13 is a linear combination of h(g; j, k) and g(q;, j, k) for 0 < j, k <
51. By Lemma it is clear that any 12n + 13 satisfying either of the conditions cannot be
expressed as 4(52m + )2+ 9(52n+ k)? or (52m + j)? 4+ 12(52n +k)2. So the conclusion follows. [J

Conjecture 6.6. Let A(q) = f2% =: 0% jang™ and let B(q) =: Y o2 ang™ be any of the eta
quotients in the second column of Table[18 Then
(6.5) Ao & By
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Remark 6.7. Note once again that this conjecture would be true if Serre’s criterion (3.7)) could
be extended to the “if and only if” statement following (6.2)), by Lemma (for each eta quotient
B(q) in Table[18, one can find an integer n such that b, =0 but a, # 0).

We note in passing that it is possible to prove unconditionally some inclusion results that do not
involve A(q). As in previous sections, if the eta quotient B(q) is not an even function of ¢, and
the eta quotient C(q) is its even part, then B ; Cl(o)- However, this time all the eta quotients
which are even parts of eta quotients in Table lie outside the range of our search. We do
not compute these even parts explicitly (using the 2-dissections stated in Lemmas and ,
except as indicated below, as we feel that we have exhibited this phenomenon sufficiently elsewhere.
It is possible that computing these even part eta quotients and determining experimentally their
vanishing coefficient behaviour may contribute additional structure to the diagram in Figure[7] in
terms of additional groups and additional inclusion connections. We do take this opportunity to
state some further 2-dissections of eta quotients, which may be applied to produce 2-dissections of
eta quotients in Table These may be used to derive further strict inclusion results for index
sets of vanishing coefficients.

Lemma 6.8. The following 2-dissections hold:
N Rhefdy  f2fifiafus

. f; N fgj;sfis qf42f§f16f24’
o Bt
o ey T
Proof. All four of these 2-dissections may be found in [I4, Section 30.10]. 0

We give a single example as an illustration. If we consider the eta quotient numbered 43 (group
XI) in Table [17]in conjunction with above, one gets that if

N _ fhe s
 fofs’ Cla) = fafas

then By & C(py. Further, computation of the location of the zero coefficients up to 3000 terms
suggests that C'(¢g) belongs in Group XV of Table |17/ and Figure |7l Note that C(q) is not listed in
Table [I7] since it lies outside the range of the search parameters.

B(q)

7. A GENERAL INCLUSION A(g) C B(g) AND CONJECTURES

In this section, building upon the preceding results, we deduce a general inclusive relation satisfied
by any eta quotients lying in the same table. As an implication, we prove that all the eta quotients
obtained from our search are lacunary.

In addition, as is noted in the introduction, a large number of conjectural relations between the
coefficients of eta quotients associated with fT or fif5 have been suggested by our computational
experiments. After justifying the aforementioned general inclusive relation, we explicitly state those
suggested conjectures for the interested reader and save them for future investigation.
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7.1. A general inclusive relation. The general inclusive relation we have been striving for can
be enunciated in the following theorem. Each statement relies on Theorem [3.4] Lemma[3.5] Lemma
and appropriate results from Section

Theorem 7.1. Let A(q) = fI for r = 4,6,8,10,14, or f}f3. For any B(q) in the table for A(q),
one has that
A(0) € B)-

Proof. For r = 4, by Item (2) of Theorem Item (1) of Lemma [3.5{and Item (1) of Lemma
it follows that Ay C Byg) for any eta quotients B(q) in any entries but Entries 91, 97, 99 or 131 of
Table[7] Combining this with Theorem [5.6] for those exceptional cases proves the general inclusive

relation for f{.

Similarly, the case of r = 6 follows from Item (3) of Theorem Item (2) of Lemma Item
(2) of Lemma [3.7] and Theorems and

The case of r = 8 follows from Item (4) of Theorem Item (3) of Lemma Item (3) of
Lemma 8.7 and Theorem [5.28

The case of r = 10 follows from Item (5) of Theorem Item (4) of Lemma Item (4) of
Lemma [3.7] and Theorems [5.33] [5.34] and [5.35]

The case of r = 14 follows from Item (6) of Theorem [3.4] Item (5) of Lemma Item (5) of
Lemma 3.7 and Theorem [5.401

The case of f{f3 follows from Item (8) of Theorem Item (7) of Lemma Item (7) of
Lemma 3.7 and Theorem [5.49

0

The following theorem addresses the vanishing of coefficients of the eta quotients in the table for
26, Tt shows that all these eta quotients have coefficients that vanish similar to those of 7.

Theorem 7.2. Let B(q) = > 77 ,bng" be any of the eta quotients in Table . Then if either of
(1) 12n + 13 has a prime factor p1 = —1 (mod 3) with odd exponent and a prime ps = —1
(mod 4) with odd exponent (it may be that py = p2),
(2) 12n 4+ 13 is a square and all prime factors p satisfy p = —1 (mod 12)
holds, one has that b, = 0.

Proof. This follows from Item (6) of Lemma Item (6) of Lemma [3.7] and Theorem O

Theorems [7.1] and [7.2) enable us to certify the lacunarity of the eta quotients obtained from our
search.

Theorem 7.3. Any eta quotient in the tables is lacunary.

Proof. This follows from Theorems and and an extension of Landau’s density theorem on
quadratic forms by Serre [27), Section 3.1]. O

Remark 7.4. It is noteworthy that the cases of eta quotients of weight 1 considered in Theorem|[7.3]
have been covered by a seminal result of Serre [27, Theorem 4.2] certifying that any holomorphic
modular form of weight 1 is lacunary via Galois representations.

Looking carefully at the exact double series for the eta quotients of weight 1 considered in
Lemma [3.7] one notices that they can be all expressed as a linear combination of the generalized

theta series
o0

Z q(M1m+j)2+(M2n+k)2
m,n=—o00
for some integers M7 > 0 and My > 0 and 0 < j < Mj and 0 < k < My, which also hold for a quite
few exceptional cases by Theorem and etc. This prompts us to ask the following question.
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Open Problem 7.5. Is it true that any holomorphic modular form of weight 1 can be written as
a linear combination of the generalized theta series

o0

Z gMim+i)*+(Man-tk)?

m,n=—00

for some integers My >0 and Ms >0 and 0 < j < My and 0 < k < My?

7.2. Conjectures. In this subsection, we summarize all the conjectures on the coefficients of the
eta quotients obtained from our computational experiments. As one shall see, while a quite a
few special cases of these conjectures have been proved in the present work or [17, (I8, [19], or the
references therein, the uncharted cases remain vast. Therefore, we state these conjectures in their
general forms but refer the interested reader to those previous work for proven cases.

Conjecture 7.6. Let X and Y be any two groups connected by an arrow in a tree-like figure. Then
for any eta quotient A(q) in the group X and any eta quotient B(q) in the group Y, one has that

Ay & Bo-

Conjecture 7.7. Let X be any group in any table. Then for any eta quotients A(q) and B(q) in
the group X, one has that

A = B)-
Remark 7.8. Theorem is just special case of Conjecture for X =1 and A(q) = f{ for
r € {4,6,8,10,14} or fifs.
Conjecture 7.9. Denote by ai(n) the coefficient of q" of any eta quotient in Group I in Table t.
Then the following hold.

(1) ag(n) =0 if and only if 6n + 1 has a prime factor p =2 (mod 3) with odd exponent.
(2) ag(n) =0 if and only if 4n + 1 has a prime factor p %1 (mod 4) with odd exponent.

(8) arg(n) = 0 if and only if 3n + 1 has a prime factor p =2 (mod 3) with odd exponent.
(4) arz(n) =0 if and only if 12n+ 5 has a prime factor p =3 (mod 4) with odd exponent.
(5) amm(n) =0 if and only if 12n + 7 has a prime factor p =2 (mod 3) with odd exponent.
(6) arn(n) = 0 if either of the following holds:

(a) 12n + 13 has a prime factor p1 = 2 (mod 3) with odd exponent and a prime ps = 3
(mod 4) with odd exponent (it may be that p1 = p2),
(b) 12n + 13 is a square and all prime factors p satisfy p = —1 (mod 12).
(7) arg(n) = 0 if and only if 8n + 3 has a prime factor p = 5,7 (mod 8) with odd exponent.

Remark 7.10. These may be proven by the method used in [I7). First of all, sort out a linear
combination of Hecke theta series by Lemma [3.5 and the database LMFDB. Then use the multi-
plicativity of the coefficients s,, of Hecke theta series to reduce the analysis to syep for p°»||n. Lastly,
combine the binary quadratic form representation for p and the recursive formula for spep to attain
a characterization for the vanishing of spep.

8. CONCLUDING REMARKS

As is readily apparent, we have been just partially successful in proving all the results suggested
by our experimental investigations regarding equality /inclusion of the sets of vanishing coefficients
in the series expansion of lacunary eta quotients in the various families considered.

Ideally, for any eta quotient in one of the tables one would like to determine an exact criterion
for the vanishing of the coefficients in its series expansion, as this would immediately let us group
eta quotients with identically vanishing coefficients together. Likewise, this knowledge would im-
mediately allow us to partially order the eta quotients in a table by inclusion of sets of vanishing
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coefficients, thus allowing us to affirm the structure of a table as indicated by its associated graph.
However, as is apparent from the examples considered, it is not a straightforward matter to de-
termine exactly the criterion for the vanishing of the coefficients in the series expansion of any
particular lacunary eta quotient.

Instead, the method outlined in the previous paragraph has been supplemented by several other
methods, which have afforded us some partial success in attempting to prove what we would like
to prove. The methods used may be described as follows.

e determination of an exact criterion for the vanishing of coefficients (as mentioned above),
as in Lemma [5.4] which was used in the proof of Theorem

e the use of basic hypergeometric series-product identities such as those in Lemma which
were used in the proof of Theorem

e dissections of eta quotients to show that two eta quotients have identically vanishing co-
efficients, such as the dissections in Lemma [£.4] which were used in the proof of Theorem
B.G}

e elementary dissections of eta quotients into their odd and even parts, to show strict inclusion
of sets of vanishing coefficients, such as in the proof of Theorem for example;

e the use of elementary dilation results such as those stated in Lemmal[5.1] and applied in the
proof of Theorem for example;

e writing the modular form deriving from an eta quotient as a single sum theta series of
the form )y h(X )2 where Q(X) is quadratic in X such that integers with a certain
property are not represented by Q(X), leading to results of the type Ay C Bg) (see
Theorem for example);

e writing the modular form (of weight £ = 1) deriving from an eta quotient B(q) = >, ,~,¢"
as a double theta series of the form vy h(X, Y)gQXY) where Q(X,Y) is a binary
quadratic form with the property that integers with a certain property are not represented
by Q(X,Y), leading to results of the type A ) C Bg) (see item (1) in Lemma together
with Table [7));

e writing the modular form (of weight £ = 1) deriving from an eta quotient B(q) =>_,,~,¢"

as a linear combination of double theta series of the form »yy h(X, Y)gQXY) described
in the previous item, leading to the same type of Ay C Bg) result, as in Theorem
for example;

e general inclusion results of the form Ay C B g), where the modular form deriving from
B(q) has weight k& > 2, as in Lemma

e using the decomposition theorem of modular forms to write an eta quotient as the sum of
Eisenstein series and CM newforms and obtain an explicit formulation for the coefficients of
the eta quotient, from which the vanishing of the coefficients can be analyzed by properties
of divisor functions and CM newforms, as in Theorem [5.13] for example;

e the use of ideal theory to show inclusion results of the form Ay C B, as in Theorem

0.90)

In a companion paper [19] we use more sophisticated dissection techniques to prove some of the
finer structure of the various tables and graphs, by showing that all of the eta quotients in some of
the various groups do indeed have identically vanishing coefficients, and likewise that some of the
inclusions between the groups, as indicated by the arrows in Figures [1| - [8| do indeed hold.

9. APPENDIX I: THE LACUNARITY OF f}f3

It was shown by Ono and Robins [25, page 1023 and Section 4] that f7f3 is lacunary. In
this appendix, using Serre’s density theorem [27, Theorem 2.8] we give another proof of this fact,
showing that the lacunarity of fPf3 = >°°° ja,g" follows from the criterion for a,, = 0 given in
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Theorem [5.44} a,, = 0 if and only if 8n + 3 has a prime factor p congruent to 5 or 7 modulo 8, i.e.,

(772) = —1, with odd exponent.

For starters, recall that our aim is to prove that
Hn <X :a, =0}

li 1
X X ’
so equivalently, we want
< :

X —o00 X
On the other hand, by Theorem [5.44] one finds that
[{n<X:an£0}]
X =00 X
‘{n < X : any prime p|(8n + 3) and (%) = —1, ord,(8n + 3) even}‘

— 1‘
Xgnoo X
‘{n <X :n=3 (mod 8), any prime p|n and <7?2> = —1, ord,(n) even}‘
— ]
Xgnoo X )

and these amount to proving that

‘{n <X :n=3 (mod 8), any prime p|n and <_?2> = —1, ordp(n) even}‘ .

li
Xgnoo X

Note that the set {n < X : n =3 (mod 8), any prime p|n and (772) = —1, ordy(n) even} is a
subset of {n < X : any prime p|n and (‘72) = —1, ordy(n) even}, so it suffices to prove that

{n < X : any prime p|n and (%) = —1, ordy(n) even}’

(9.1) lim

0.
X—o0 X

To this end, we can adopt Serre’s density theorem [27, Theorem 2.8] which is to be enunciated as
follows. Let P be a subset of primes of Frobenius density 0 < o < 1 (see [27), (1.4)] for definition),
and let E be a subset of positive integers. We say that E is multiplicative if for any coprime positive
integers n; and nao,

nine € £ if and only if n, € F or ng € E.

Then Serre’s density theorem tells that
Theorem 9.1 (Serre). If E is multiplicative containing P, then

X
< X: EH=0——|.
<X 2H =0 (15 )
Now specialize Theorem [9.1] to the case of

E = {n: p|n for some prime p, (_72) = —1, ordp(n) odd}

o ()}

It is not hard to see that E is multiplicative and

and

{n<X:n¢gFE}={n<X: any prime p|n and (‘72) = —1, ordp(n) even}.
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Also, P is contained in E, and by [27, (1), p. 20-02], P is of Frobenius density

Theorem one finds that

‘{n < X : any prime p|n and (%)

= —1, ordy(n) even}

—[{n<X:ngE}

from which the desired asymptotics (9.1]) follows.
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10. ArPPENDIX II: TABLES AND GRAPHS

Table 7: Eta quotients with vanishing behaviour similar to f
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f3 fe fafts n(122)3n(362)%n(482)n(722)*
fu;o, I3 J;M n(62)n(182)31(242)3n(1442)3
f5 18 13 n(122)%1(362)2n(482)*
gfsfzﬁfm n(62)3n(182)1(242)°n(1442)
ff3f8 fre fsfs fi2 n(62)3n(182)1(482)3n(722)
f%fbf24 1(242)2n(362)n(144z)
I n(122)%n(362)%7(482)*

s f4 flgfu n(62)n(182)31(242)2n(722)3n(144z)
ENERES 1(62)n(182)%1(482)°
fafafou n(122)n(242)n(144z)

fifs n(62)n(182)

1318 n(122)37(362)*
fiLfafafi2 1(62)n(182)n(242)n(722)
f34f2 f12 n(12z)14n(182)%n(72z)

Srfa 1(62)61(242)37(362)*

Srire 0(62)°7(242)%n(362)?
f2f3f12 n(122)4n(182)%n(72z2)

fi f3 f2 n(62)*n(182)%n(242)*

J}fu n(122)%n(72z)

f f4f6 n(122)*n(242)n(362)°
fl f3 fl& 7](62)277(18'2)277(722)3
fi f4 I n(62)*n(242)*n(362)°
I3 J;g I n(122)57(182)4n(722)*

JEfE n(122)7n(182)*

f{‘fé’ n(62)1n(362)3
fPf3 g n(62)2n(242)°7(362)1°
f2f3f12 77(12z)677(18'z)677(722)7

fs f4 n(182)5n(242)3
12 f%fm 1(62)21(362)2n(722)
f1f4 f6 7](62)77(242)777(36z)9
f2 f3 f612 n(122)51(182)3n(722)°
n(182)377(24z)6
flf2 flg n(62)n(122)?n(722)?
1 s n(62)3n(242)%7(362)*
3 fsf2 n(122)*n(182)n(722)2
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90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

120
121

122

f3 1313
I3 fe f12
fafsfifd
J12 f8f2a
J153 fef3
f3f3fafa
ffé
f3fi2
f3f3

15 fafi2
flfffé
f5fsf
fofaf?
f1fiz
fLfaf
f3 13 1
f2f3

fffof’leSf24

fﬁg

fof3 fi2fis

f22f8f122

fofsfoa

n(122)5n(182)1(242)*
n(62)31(362)1(722)
1(122)n(182)n(242)%n(722)3
n(62)n(362)?n(482)n(1442)
1(62)1(242)%1(362)n(722)*
1(122)2n(182)n(482)n(144z2)
1(62)1(362)
n(182)n(72z)
n(122)3n(18z2)
n(62)n(24z)
1(62)%1(242)1(362)°
1(122)3n(182)3n(722)2
n(122)%n(182)%(722)
n(62)3n(242)?n(362)3
1(122)1(182)1(482)n(722)®

n(62)1(242)?1(362)*n(1442)*
1(62)1(482)n(722)"

1n(182)n(242)2n(362)n(1442)3
1(62)1(242)%1(362)>n(144z)

n(122)%n(182)n(482)%n(722)3
(182)n(242)"n(144z)
n(62)n(122)n(482)3n(722)?
n(62)n(122)?n(362)
n(18z)n(24z)
n(122)57(182)7(72z)
n(62)1(242)?1(362)2
n(62)n(242)7(362)°
1(122)2n(182)n(72z)2
n(122)n(182)1(362)*
n(62)n(72z)
n(62)n(242)1(362)®
n(122)2n(18z)3n(722)3
n(12z)n(182)*
n(62)n(36z)
n(62)®1(362)
n(12z)n(18z)
n(122)8n(182)7(72z)
n(62)3n(242)3n(362)2
n(62)%n(482)"'°
n(122)n(242)3n(962)*
7](12z)5n(48z)10
n(62)2n(242)°n(962)4
n(62)n(242)51(362)*
n(122)n(182)n(722)?
n(122)2n(18z)n(242)*

n(62)1(362)n(72z)
n(122)n(48z)14n(722)?

1(242)61(362)n(962)°n(144z)
n(362)n(482)1®
n(122)n(242)3n(722)n(962)"
0(122)%n(482)n(722)°
n(242)2n(144z)
n(482)11
7(T22)2(962)5
n(242) (7222
n(122)2n(482)n(144z)
n(122)%n(482)1>
n(312)57(962)5
1(242)151(362)n(1442)
n(122)°n(482)°n(722)3
n(12z)°
n(36z)
n(122)%n(242)*
1(482)2
1(122)1(242)*n(722)2
n(362)n(48z)n(144z)
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123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138

139

140
141
142

143
144
145
146
147
148

149
150

fife
f2f§f12
10

1213
fafafis
fzf];gf_/’zzl

f‘%ffli
P,

32 £2
S 4fi;6fl6;z 4

a1
faf2 it
Tifef3,
fafefsfi2

fafoa
I3 f3f3 f12
f172 f6fa
f1fEf8
fafsfafoa
fafalt

f2 f6 fi6 foa

fafef3
fafi2fie
fQJEjEE
fo foa
f3fe
fafi2
fifa
f2
g?
fifa
}ffs

n(242)7n(362)
71221 (482)0 (727
7(242)"°
71222 (4577
1(122)%1(482)%n(722)'"
n(242)51(362)7n(1442)7
n(242)n(362)"
(12 (7221
n(122)*n(48z)n(722)*
n(242)31(362)2n(1442)2
n(242)%9(362)?
1(122)T(722)8
1(122)1(482)%n(722)*
1(242)2n(362)n(144z)2
n(242)n(362)n(482)n(72z)

n(12z)n(144z)

1(122)%n(182)n(482)3n(72z)

1(62)n(242)2n(362)n(144z2)

n(62)n(362)?n(48z)3

1n(122)n(182)n(24z)n(144z)

1(122)1(482)*n(722)2

1(242)2n(362)n(962)n(1442)

n(242)n(362)n(482)>
0(122)9(T22)1(962)
n(192)n(482)n(722)?
1(362)n(144z)
7(242)°1(362)
n(122)(722)
1(62)°n(242)
n(12z)
7(12z2)°
n(62)%n(24z)
n(242)n(182)
7(122)79(96-)
n(122)2n(482)°
n(242)?1(962)
n(122)?
1(242)6
(1227 (1572
1(182)%n(24z)
1(362)
1(242)n(362)°
n(182)?n(72z)?
n(242)n(962)n(1442)°
1(482)2n(722)%n(2882)2
n(482)n(722)*
n(24z)n(144z)
n(482)"?
7242157 (967)°
n(24z)°
n(482)*
7(482)°
1(24z)n(962)
1(242)
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FIGURE 2. The grouping of eta quotients in Table[7] which have vanishing coefficient
behaviour similar to fi

Number
11
11
21
21
51
61
131
191
201
231
241
251
26 1
291
301
311
321

Table 8: Eta quotients in Table [7] with expansions as double

theta series

Modular Form
n(62)*

n(62)*
n(122)12

n(62)4n(242)*
1(122)107(182)2
n(62)4n(24z)3n(3622
1(62)*1(242)1(362)
n(122)2n(182)2n(72z)2
1(122)129(362)
n(62)3n(182)n(242)5
7(122)3n(182)?
(6270 (362)
1(62)°1(242)%1(362)°
n(122)3n(182)2n(72z)2
n(122)7n(362)°

1(62)%n(182)%n(242)2n(722)?
7(62)2n(122)7(18z2)?

1(362)

n(122)9
n(62)2n(242)3
n(62)%n(122)*

n(24z)
n(122)n(362)"2

n(62)n(182)3n(722)°
n(62)n(182)3n(242)n(362)*
n(122)21(722)2
n(122)n(182)"
n(62)n(362)3
n(62)n(242)1(362)!*
n(122)?n(182)7n(722)7

Weight

2

N NN NN NN~ FRNN NN NN

Theta Series

S (3) (5) 410755
et (3)° () a1
S (21) (52) 41077557
Soraen () (52) 10 )
St (2)? (52) g ()
Y=t (53) (51) g1 (m*+3n°)
X (5) (3 (3) -2 (%)2> g1 (m*+3n
Zgj,n:1 (%)2 (%)2 qi(3m2+n2)
Sonet (£) (28) giBm*en?)
i (1) (32) g +)
rmnetn (8) (54) a3 (7157
Soencin (1) (58) g2l o)
St (2) (5) ¢ )
Soratn ()" (52) gt rn)
3 i () () gt )
30 i (2)? (&) gr(m )
S (88) (58) il +en?)
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331
341
391
401
411
421
451
46 1
471
48 1
49 1
50 1
511
511
521
521
531
541
571
59 1
60 I
77 111
77 111
77 111
78 111
78 111
93 VII
94 VII
95 VII
101 VIII
103 VIII
104 VIII
105 IX
106 IX
107 IX

n(122)31(182)°
n(62)n(242)n(362)2
1(62)n(362)"3
n(182)°n(722)°
n(6z)n(18z)
1(362)2
1(122)3n(362)13
n(62)n(182)>n(242)n(722)°
n(62)2n(122)"
n(24z)3
n(122)"'3
o nsaa
1(62)°n(362
n(12f%;n§}§zzig(§32)5
1n(122)13n(182
n(GZ)&?g%4i%;?(§§Z)2
1(62)°1(362
n(12z)2ng£§z)n(72z)
n(122)°n(18z)
n(62)5n(242)°
?7(62)577(1282)
n(lQZ§%§;%36z)3
n(62)°1(182)n(242)°n(72z)
n(62)°n(182)°
Py
;1122);;(361)2
1(122)137(362)13

62)51(182)571(242)51(722)5
7(62) 77]7((1%))1377”((362))1@( 22)

7(62)51(182)51(242)57(722)"

n(62)°n(242)

n(122)3
_n(122)'
1(62)67(242)°
n(122)%n(18z)

1(62)°

n(122)2
_n(122)2

n(122)3n(362)3
n(62)n(182)n(242)n(72z)
7(122)37(362)>
1(62)n(182)n(242)1(72z)
n(182)n(722)
n(62)n(24z)
1(62)°1(242)n(362)°
n(122)3n(182)3n(722)2
n(182)n(24z)
1(62)n(242)n(362)°
1(122)2n(182)n(72z2)>2
1(122)n(182)n(362)°
n(62)n(722)
n(62)n(242)n(362)8
77(122)277(182)377(722’)3
n(12:)n(182)
n(62)n(36z)
1(122)n(18z2)
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~
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e (3) (1) g1 07)
Sner () (57) gt 707)
Srencin () (35) g3 (7 5)
a3 (52) gt ()
Eaemn (58) () 4207 )
o mn (54) (58) g ()
S (58) () a3 (747
Saet o (52) (1) 1 7)
et (31) () 4307 57)
er (1) (52) 20 )
St () (1) a: )
Ean (3 (59 107
S e () () 507
Sy (8) () 1)
Z?no,nzl mn (%6) (%6) qi(3m2+n2)
T (59) (57) 1 45)
Eiean () (B0
S () (58) g (e
e (B) (3(8)° —2(3)7) gi o)
S cimn (Z2) (&) qi((3m2+n2))
P 1) —ﬁs —76 qi 3m24n2
2= (71%) ()152) q)31(3m2+n2)
N Z;o,nzzl () g%) q4(m2 +3Z) N
e (B (3 (9"~ 28)") aF07
> mn—1 2y (4 qi 3m24n2
L1 23714; 52,14; g (m*+3n%)
S0 et (12) (&) gi(m*+5n?)
> mn=1 () (3 qi(3m2+n2)
et (2) (3(3)° - 2(3)%) g +9?)
ronet (2) (3(3)° -2 (3)2; i (m?3n2)
St (1) (28) g (o)
Dmn=1 (273)) ((2))2 gi(3m*+n?)
St (2 (48) g (ren?)
Somamy () (8)" 3O
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113 XI

114 XI

115 XI
116 XI
117 XI
118 XI
121 XI

122 XI

123 XI

124 X1

129 XIII

130 XIIT

133 XV

134 XV

135 XV

136 XV

137 XVI

137 XVI
138 XVI

138 XVI
139 XVII

140 XVII
141 XVII

141 XVII
141 XVII

1(122)7(482)4n(722)?

1(242)67(362)1(962)°n(144z)

n(362)(482)1?
n(122)n(242)3n(722)n(962)°

1(122)°n(482)1(722)?
n(242)?n(144z2)
n(482)'1
(1222 (962)5
n(242)4n(722)?
1n(122)2n(482)n(144z)
n(122)%n(482)'3
1(242)61(962)°
n(122)%n(242)*
7(482)?

1(122)n(242)*n(722)>
1(362)n(48z)n(144z)

1(242)7n(362)
n(122)n(482)%n(722)

1(242)10
n(122)%n(482)4

1(122)n(482)%n(722)*
1(242)2n(362)n(144z)2

1(242)n(362)n(482)n(72z)
n(12z)n(144z)

n(122)n(482)%n(722)?
1(242)2n(362)n(962)n(1442)

1(242)1(362)n(482)3
n(122)n(722)n(96z)

1(122)n(482)n(722)?
n(362z)n(144z)

1(242)3n(362)
W(T2In(727).

n(62)2n(242)
n(12z)
n(62)°n(242)
n(12z)
n(12z)°
n(62)2n(24z)
n(12z)°
n(62)2n(242)
n(242)%n(482)
n(122)2n(962)
n(122)%n(182)°
n(212)7n(962)

n(122)?
n(122)?
1n(122)?

2% m () (-2 - M s (7 1)
qu2+12n2
fm;gﬁ " %1)191?122”2
=6 12m*+n
mgz__oo n (n n2) (112m2+n2
ZOO lm:rilzo(lﬁ)l (qﬁ) qm2+12n2
Zgg; m(—1)" (:z) g1’

e ()7 (122G ) oo

m=t (6

e ) (207 -7 0)

m2+12n2
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141 XVII
142 XVII

142 XVII
143 XVIII

143 XVIII
144 XVIII

144 XVIII

Number

1
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17
18
19

20
21
22
23

n(122)?
7(242)°

n(122)%n(48z)*

n(242)8
n(122)2n(48z2)2
(18z)2 (242)

1(362)
n(182)%n(24z)

n(36z)

n(242)1(362)°

n(182)2n(722)?

n(242)n(362)°

n(18z)%n(722)*

2=t (%) (%) q1(3m2+n2)
oo (g) q12m2+n2
ot
S () () g
o) . (_1)71, L) me—HSn2
m= m
n=—00
sz,nzl (%) (%)2‘1%(%2%2)
< (%) q18m2+n2
n=1
2= (%)2 o) qi (Fmten?)

Table 9: Eta quotients with vanishing behaviour similar to f9

Weight Level

g-Product Modular Form
ff 1(4z)"
(82)18
(4z)6 (162)8

% ‘5 n(82)5n(122)?

4 2 n(42)4n(242)2
f1 f4f6 n(42)*n(162)*n(24z)*
ff) fl% n(82)4n(122)%n(48z)?
2Of3 12 71(82)1071(122)271(48'2)2
G f4 fG n(42)4n(162)%n(242)*
fifs n(4z)*n(24z2)*
f2f3 n(82)2n(122)2

n(82)""

f1f4 n(42)*n(162)3

f; fa 77(4Z)EZ7()16Z)

2 n(8z

3 n(122)"2
f?fS’ n(42)%1(362)3

1313 6fgfs n(42)%n(162)3n(242)%0n(362)3n(1442)*
f2f312 l?fIS n(82)%n (12z)12 (482)12n(722)°
77(82) (122)7

f3 3 n(42)3n(242)3
s n(42)3n(162)%n(242)'8
f§f37];72 7(82)51(122)7n(48z2)7

f5 17 n(82)2n(162)"

f]zfg n(42)%n(322)3

iJa n(42)%n(162)°

fals n(82)%n(322)?
ff3f n(82)?n(122)%n(162)*
f]22f6f12 n(42)?n(242)n(482)

LIS n(42)2n(162)%n(242)5
F3r3r n(82)4n(122)%n(48z2)3

15 n(82)*

G n(42)?

1152 n(4z)2n(162)*

2 n(82)2

ISfs 7(82)%n(322)

f{‘; e n(42)2n(162)3

Jifs n(42)*n(322)

fzé n(162)

2 77(82)8

f; 422 77(42')2277(16'z)22

1J2 n(42)"n(8z)

fafs n(122)n(162)°
fifafefs n(42)n(82)n(242)n(322)3

63

16
64

288
976
576
72
128
128
144
576
288
576
256
256
1152
1152

64
256

256

64
32
2304
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25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
95
56

SLfi0f2
I3 f3f8 f12
faf3
fifio
fifafdy
1318 30
I3 f3fi2
f1faf3
J1fafe

f3
15 fs
fife
S5 faf8
f3fi2
15 fo
f1f3f3
J175 f3f12
féffg
f1 fl()
fafs
15 f5 f20
FL L2 fo
12 fe
fof3
f34 fafiz
575 2
Ji 54 {6
3

2J3
20 £2£2
f2 f3f12

11218
fffffefu
[5 15 s
1313 f6f2a
flzfszf122
f1 f2f12
fafe
13 f12
f12f§f6
flfﬁ fS
fafiz
I3 f3fs
fifafs
S113 12
f3f3f12
faf3f?
fife
fifafd®
e
2/3

f1fé
J1fafd°
F2f3 fis
f2f3fs
fifiz
J1I8 fa
f2f‘ft;2

3yl

FLES fra

n(42)n(162)"0n(242)*
n(82)n(122)n(322)3n(482)
n(82)1(202)3
n(4z)n(402)
n(42)n(162)1(402)3
n(82)21(202)37(80z)3
n(82)*n(122)n(482)
n(42)n(162)n(24z)?
n(42)1(82)n(24z)
n(122)
n(82)°n(122)
n(4z)n(24z)
n(42)1(82)?n(162)n(242)?
1n(122)n(48z)
7(82)%n(242)
n(42)n(122)n(162)3
n(42)n(82)5n(122)n(48z2)
n(162)2n(242)?
n(42)%n(402)
n(82)1(202)
n(82)%n(202)n(802)
n(42)3n(162)3n(402)2
n(42)°n(242)
n(82)n(122)
n(82)1n(122)n(482)
n(42)51(162)°n(24z)?
n(4z)8n(242)*
n(82)*n(122)?
n(82)2%1(122)2n(482)*
n(42)8n(162)%n(242)*
n(4z)1*
n(82)*
n(82)%8
n(42)1n(162)14
n(42)1(162)°%7(242)31(962)

1(82)%n(122)7(322)?n(482)
1n(122)n(162)°n(96z)
n(42)1(322)?1(482)2
1(42)°n(162)°n(242)n(962)
n(82)3n(322)?n(482)2
n(82)%n(162)3n(242)1(962)
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FIGURE 3. The grouping of eta quotients in Table[0] which have vanishing coefficient
behaviour similar to fJ

Table 10: Eta quotients in Table [J] with expansions as double
theta series

Number Modular Form Weight Theta Series
11 n(42)° 3 St (5) (51 g2
8z)18 00 _ _ 1(m24n2
21 (T 3 o (5) (58) gH 0
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2 2
1(322) 1 Z:ogiéo(_l)n () g™ e
(242)%n(482) 24\ 12m2+n?
W(1227(562) 1 Yom=—e (5) @2
(122)?n(482)" 24 241952
W21 n(062) 1 > e (DM (5) @
1(122)? 1 S (1) () g
n=-—o0o
7'77/2 n
n(12z2)? 1 St () () a =" 7
7(242)8 1 o) (g) 12m2+n?
n(122)2n(48z2)2 mn=:—10<> n) 4
77(24z)6 1 Zoo (%) (274> %2+§
n(122)?n(48z2)2 m,n=1 \m n )4 .
24z)11 _ m® | n®
ey 3 S mn (59) (35) 6%+
7(482)8 1 00 (%) 24m2+n2
1(242)31(962)3 me\n q
242)3 2 2
777]((482)) 1 <:>o:il (_l)n (%) qm +24n
(242)3 12y (24\  m2 n?
737(48’22;) 1 Z:no,n—l (E) (W) q: b
Table 11: Eta quotients vanishing behaviour similar to ff
Number ¢-Product Modular Form Weight Level Group
1 fi 77(3225 4 9 I
(62)
2 i ESRTbaE 4 36 I
3 f§f§1fl2 77(63)977(92)477(362) 2 108 I
fi‘ffffé” n(32)1n(122)37(182)3
4 fifafg 1n(32)*n(122)n(182)° 9 108 1
r3 §‘fi";2 n(62)31(92)11(362)3
5 f31rd n(62)11n(182)11 3 108 I
It §‘4f1: L n(32)4n(9Z)417(122)jn(3GZ)4
n(32)*n(92)
6 J{%JE nEGZg?(l(Szg 3 108 I
2J3 n(62) 'n(9z)
7 e, Q) 2 108 1
iJils n(32)°n(122)°n(182
8 EIE 7(62)27(92)7(362) 2 18 1
9 I3 f3f12 n(62)"1(92)n(362) 1 36 I
ff’{i’%”s n(3z)3n(§2z)3n(%82)
f1 f(; n(32)°n(18z2)
10 fij:% 77((62))2277((92))6 1 36 I
n(62)°n(9z
1 I 7(3) (152 218
f2 17 16° 1(32)%n(122)n(182)16
12 P 7(62)n(92)57(36)° 2108 I
13 f2f6 77(63)677(182)6 ) 108 I
fff%fffﬁ n(32)?n(92)?1(122)?1(362)2
14 i 3?? 17(32)217(39,2)2 2 27 I
f: 1n(9z)
ol e 1 e
1J4J¢ n(3z)n(12z)n(18z
16 AR (62)71(92) (3627 booose 1
n(92)°n(122)
17 ff;@j?g ( 7)7(:()"2)77536?) . 2 108 I
/st 1n(32)n(12z)*n(18z
18 T, 7(62)97(92)7(362)3 2 108 1

73



19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

I318 n(62)*n(182)?
fif3f? n(32)n(92)n(122)?2
fifafsfia 1(32)n(62)n(92)n(362)
14f62 n(122)n(18z2)
fafafs n(62)*n(122)n(182)2
f f3f122 1(32)n(92)n(362)
FEREYEY n(32)1(62)n(92)n(122)*
(J;fs , n(182)
111 n(32)°n(182)*
22 n(62)%n(92)2
f28f5 s 1(62)0n(92)2n(362)2
Srire n(32)%1(122)%7(182)*
fi1i n(32)"n(122)
f2O n((GZ))fO
5 n(6z
f113 n(3z)1n(122)?
JfEfafd n(32)2n(122)n(182)*
fifgflz 1(62)2n(92)?1(362)
fz f3 f12 77(6Z)477(9Z)277(36Z)
f;ﬂ;f2 n(32)2n(122)1(182)2
s I3 fis n(62)°n(242)%n(362)'6
Efgf% n(122)87(182)7n(722)°
f2fg s n(62)1(242)?n(362)'*
i rs, n(122)*n(182)3n(722)°
I3 fefis n(122)%(182)n(362)*
f§’f§f§43 n(62)3n(242)21(722)2
f2f8 fsfia n(62)n(182)3n(242)1(362)*
fif3, n(122)21(722)2
[ & faa n(122)9n(182) "n(72z)
f253f§’ 2 n(62)°n(242)31(362)°
fefsfia n(182)3n(242)n(362)°
f2f4f§’% n(62)n(122)n(722)3
101513, n(122)6n(182)5n(722)?
f%fgffg 7n(62)71(242)%7(362)°
f4 fe foa 77(122)777(182)377(722)
2 I3 F3 n(62)1(242)31(362)3
F3fs 1y 1(62)°n(242)n(362)"
fzgfsf 3 n(122)3n(182)n(722)3
fz f6f12 7](62)377(182)71(36'2)2
f4g:246 n(122)n(72z2)
f2f4 f12 77(6Z)77(12Z)477(36Z)6
fer3fa n(182)3n(242)%n(722)?
117 _n(122)°n(362)°
f§fsf§f§4 n(62)3n(182)1(242)3n(722)2
fafi3 n(122)n(362)!2
f2f3f3 n(62)n(182)3n(722)°
2 fef3, n(122)4n(182)n(722)*
f%f%ﬁfilg n(62)3n(242)%7(362)*
513 f2a n(62)3n(122)%n(72z)
fof3 fiz n(182)n(242)3n(362)
f3 8 fs 7(62)"n(242)1(362)°
fzfgg?{ A n(122)5n(182)5n(722)3
fg f12 77(62)577(36,2)13
Zf§f54 n(122)?n(182)5n(72z)°
f1° 18 n(122)'3n(182)°
f§ 85f1229, n(62)°n(242)%1(362)2
40fe.2 24 77(12Z)3077(182)277(72Z)2
fglofqlgffz n(62)197(242)101(362)6
G ity
i 0(122)2n(182)3(722)3
f3 1S s n(62)91(242)%1(362)7
31ty 1(62)°n(362)*
rif n(122)in(18z)3
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144
144
432
432
108
108
144
144
432
432
432
432
432
1728
432
432
432
432
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1728
432
1728
1728
432
432
432
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1728
432
108
432
432
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v
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v
v
v
v
v
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51
52
53
54
55
56
57

o8
59
60

61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83

i n(62)3
f42 n(122)2
f4 fofoa n(122)18n(182)n(722)
f3 fg 1% n(62)7n(242)71(362)2
12 fiz n(62)71(362)
f% n(122)3n(182)
2.3 n(62)5n(242)
I3 n(122)3
fisfu n(12z)'3n(362)'3
IS 118 Fau n(62)°n(182)°n(242)5n(722)°
f3 18 n(62)°n(182)°
f2f12§ n(122)2n(362)2
13 77(122)1377(362)3
f3 fef8 f24 n(62)°1(182)n(242)°n(722)
f2 f6 n(62)°n(18z)
n(122)2
f2 77(62)4
Fi 1P n(122)7n(362)°
f2 fﬁ fg f24 n(62)2n(182)%n(242)?1n(722)?
f3fafg 1(62)°n(122)n(182)*
f12 1(362)
313 n(62)?n(122)*
I8 n(24z)
I35 n(62)%n(122)7
fg? n(242)3
f4 f12 77(122)577(363)8
f2f8 fg f24 n(62)n(182)31(242)%n(722)3
fa 358 n(62)n(122)%*n(182)*
f8f12 1(242)n(362)
f2 11 n(122)3n(362)"?
F218 f8f24 1(62)1(182)5n(242)n(722)°
218 n(62)n(182)"
fl% 7(362)2
fafi3 1(62)n(362)"*
féf% n(182)5n(722)°
fi1e n(122)3n(182)°
fafsf? n(62)n(242)n(362)?
fafsfis n(62)n(242)n(362)18
fffgj;zl n(122)21(182)7n(722)7
f4f6 n(122)n(182)7
211 1(62)n(362)
f2 fs fa 77(63)277(242)277(362)5
f4 f6 f24 7](122)377(182)277(72Z)2
f4 f6 77(122)377(182)2
f3 fi2 1(62)21(362)
f3 13 s n(62)2n(242)%n(362)*
éf% n(182)21(722)2
2 /e 1(122)%n(182)?
213 1(62)2n(362)2
1 n(122)°
fgjgg’ n(62)2n(242)3
(12z)13
f% n(62)?n(242)°
f3 4f6f24 1(62)3n(122)3n(182)n(722)
fig f12 77(243)277(36Z)2
12 f12 1(122)12n(362)
f;‘”’faf"’ n(62)3n(182)1(242)°
f5F3 173 n(62)3n(242)%n(362)%3
i n(122)7n(182)%n(722)?
fif n(122)%n(182)°
I3 n(62)3n(362)7
fofsf7a 7(62)*n(242)1(362)5
ff 82f24 n(12z)2n (182) n(722)2
19 f3 7(122)107(182)2
32 f12 1(62)41(242)37(362)

75

N NNDNDN NN WN NN NN NN NDNN NN WY NN NN NDWWNND DN W

144
432
108
576
432
108
432

432
36
144

144
576
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84
85
86
87
88

89
90
91

92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116

12
4

n(122)2

f?fg n(62)1n(242)*
JoJ12 77(62)577(362)3
12 f6fa n(122)21(182)n(72z)
fi%fs n(122)13n(182)
f?{g n(62)°n(242)°
fi n(122)'5
f?{? 7n(62)51(242)°
2 7(122)22
f§f§ n(62)8n(242)8
4J12 77(122)57](362)3
f2fefsf2a n(62)n(182)n(242)n(722)
fafe n(62)n(18z)
IS I3 11 n(62)%n(242)%1(362)2
f212 fou n(122)4n(182)?n(72z)
1118 f2a n(122)n(182)2n(722)
f§f§f§2 n(62)57(242)3n(362)*
falsfis n(122)%n(242)n(362)°
f%féfﬁ} n(62)%1(182)%1(722)3
3 fe 13 n(62)2n(182)%n(242)3
f3f24 n(122)%n(722)
faf8 s n(62)*n(242)*n(362)°
ff£§{§4 n(122)57(182)4n(722)*
4l n(12z)7n(182)4
B 1321 n(62)n(362)3
f5F8F15 n(62)2n(242)%1(362) 1
r9r8 e, n(122)%7(182)57(722)7
il n(182)55(242)°
f222f122f24 1(62)2n(362)2n(72z)
fEf3f3 frz 7(62)2n(92)1(242)57(362)
J1f3 fe S n(32)n(122)31(182)n(48z)?
f1f8 f8 n(32)n(182)%n(242)°
Fafaf2 f n(62)n(92)n(122)%n(48z)?2
3 f3fafiz n(62)n(92)n(122)n(362)
fifefs n(32)n(182)n(24z)
ffifé n(32)n(122)*n(182)*
fafafs 1(62)n(92)n(242)
fifi n(32)°n(122)*
f2fs n(62)n(242)
151 n(62)°n(122)*
f2fs n(32)%n(24z2)
f3 1318 17 n(62)2n(92)n(242)n(362)*
f1f7fofaa n(32)n(122)%1(182)1(722)
S1fE 2 fi2 n(32)n(182)%n(242)n(362)
f2f3fafoa n(62)n(92)n(122)n(72z)
18£8 foa n(122)5n(182)37(72z)
f%fgfg’g n(62)31(242)?1(362)°
f2 f8f12 77(62)377(242)77(362)6
I318 13, n(122)31(182)3n(722)?
fafPs 1(62)1(362)*
fo f24 n(182)n(72z)
@ n(12z)5n(182)
fafs n(62)n(24z)
fafef?s n(122)n(182)n(362)?
f2foa n(62)n(722)
fafsfdy n(62)1(242)n(362)°
f%fhjéz n(122)2n(182)n(722)?
fifef2a n(122)57(182)n(72z)
f2f§ff2 n(62)n(242)21(362)2
f2fifi2 n(62)n(122)?n(362)
fofs n(182)n(242)
f8 fo foa n(122)87(182)n(72z)
335 7n(62)3n(242)31(362)2
f3f12 1(62)°n(362)
fafe n(122)n(18z)
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144
1728
1728
576
144

432
108
432

432
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432
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144
144
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576
o976
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1728
1728
1728
1728
1728
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1728
1728
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1728
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VIII
VIII
VIII
VIII
IX
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XI
XI
XI
XI
XII
XII
XII
XII
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117
118
119
120
121
122
12
124
125
126

127
128

129
130
131
132
133
134
135
136
137
138
139
140
141
142

143
144
145
146
147
148
149
150

w

fofsf 1(62)n(242)1(362)"
21313, n(122)2n(182)3n(722)3
faf n(122)n(182)*
f2f12 n(62)n(36z)
f1f4f6f§ n(32)n(122)1(182)2n(242)°
fzf3f12f16 7(62)7(92)n(362)n(482)2
f2f3fs n(6z)277(9z)n(24z)5
flfﬁfgg n(32)n(182)n(48z)?
n(62)°n(242)°
f1f4f36 n(32)?n(122)?n(48z)?
flfs n(32)°n(242)°
f2f£6 77(62)77(48Z)2
frfafg fi n(32)n(122)1(182)%1(482)*
f2f3f8f12f32 n(62)1(92)n(242)n(362)n(962)
f2f3f16 77(6Z)277(9Z)77(48Z)3
f1f6f8f32 n(32)n(182)n(242)n(962)
S1fafdfs n(32)n(122)7(182)?n(242)
f2f3f12 n(62)n(92)n(36z)
f3f3fs n(62)2n(92)n(242)
f1fe n(32)n(18z)
3 fia n(62)3n(422)
fifafrfos n(32)n(122)n(212)n(84z)
fifr n(32)n(21z)
f2f16 n(62)5n(482)3
1 f3fsfs2 n(32)?n(122)n(242)n(962)
ilie 1(32)n(482)*
fafs [32 n(62)n(242)n(962)
fs 7(242)'°
21 n(122)2n(482)*
iz é? n(122)n(242)*
f26 7(482)2
RN n(122)39(482)n(722)'7
IS s fis 1(242)57(362)7n(1442)7
falts 7(242)*n(362)"
3 n(122)3n(722)%
f2° f12fa8 n(242)157(362)n(144z)
ffffgfgz; 77(122)577(48Z)577(723)3
12 n(122)°
f12 n(362)
fifs n(32)2n(242)
f2 n(62)
I3 s n(62)°n(242)
f]z 2 7(32)2n(122)2
fifs n(62)2n(242)
fa n(12z)
2 n(122)°
fgfs n(62)?n(242)
7o n(24z)tn(452)
f;f;ﬁz n(122)?n(962)
16 n(122)°n(482)%
f2 fa2 n(242)?n(962)
13 n(242)°
[l n(122)?n(482)2
2 n(122)?
fs 3o 1(242)1(362)°
f2f3, n(182)21(722)2
fi12 n(362)
f1fg n(3z)n(182)?
fafs 77(62«) (92)
f3f3f12 n(62)*1(92)n(362)
fifafs n(3z)n (12z) (18z2)
fiv i n(32)?n(122)*
f2 n(62)
I3 77(62)5
2 n(3z2)?
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144
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151 fllg 71(482)13

3

TE15: n242)7(96)7 2 BMXXV
f (242)° 3

152 Fia e E 144 XXV
fi6/3 (482)n(722)° 1

153 ;;f;% L i 5 ! 144 XXV
fsfsa2f. 1(242)n(96z)n(144z) 1

B4 BRI e sy 7 20 XXV

155 fig L0 1 92304 XXV
fsf32 1(242)1(962) 2

156 fs n(24z) 3 576 XXV

XXV

FIGURE 4. The grouping of eta quotients in Table which have vanishing coeffi-
cient behaviour similar to f

Table 12: Eta quotients in Table[11] with expansions as double
theta series

Number Modular Form Weight Theta Series
(62)"n(92) 2 3(m)? 2
T et (2@ - @ e

(3)
3

32)31(122)37(182)2 0o m (ﬂ) m?+3n?
81 77(77(6Z)772(77(9z))7;7((“36z)) 2 anfloo m (%) <1 ol KA
(62)"n(92)n(362) 22 3m24n2
o1 A= (122 n(152) ! e (5)7 4™
(32)3n(182)2 00 m n)2 n\2 m2+4n?
101 nn(ﬁz)gn(%) 1 mn:;fo(_l) (2 ()" - (3) ) ¢
(62)*n(182)* 0 n\2 n\2 m24n2
191 W 1 m=—po 2(3)" - (33 > s
32)n(62)n(9z)n(362 00 n(m m2+3n?
201 o )777]((122)7777((18):)( : 1 ngféo(_l) (?) q +3
21T 1(62)*n(122)n(182)° 9 o oy 3(%)° 2(B) = (2)gm+n
n(32)n(92)1(362) m=_r° 2 12 3
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25 11
26 11

27 111

28 111

32 IV
41 IV
45 IV
46 IV
51 IV
53 IV
54 IV
55 IV
55 IV
56 IV
56 IV
o7 IV
58 IV

59 IV

59 IV
59 IV

59 IV

60 IV
61 IV
62 IV
63 IV
66 IV
67 IV
68 IV
69 IV
70 IV

n(32)n(62)n(92)n(122)?
1(18z2)

n(3z)*n(122)*
n(62)2
n(62)1°

n(32)n(122)2

n(32)*n(122)n(182)*
n(62)?1(92)?n(362)

n(62)*n(92)?n(362)
n(32)2n(122)n(182)?

1(62)1(182)%n(242)n(362)°
n(122)20(722)?
n(122)n(362)'2
n(62)n(182)3n(722)5
1(62)°n(362)'3
n(122)2n(182)5n(72z)°
7(122)137(182)°
n(62)5n(242)°n(362)2
1(62)°
n(122)?
n(62)7n(362)
n(12z)31(18z2)
n(62)%1(242)
n(122)3
n(122)3n(362)13

62)°n(182)°n(242)°n(722)°
n(6z) 77]]((12,2))13”7]((36,2))1@( )

1(62)51(182)°n(242)5n(722)5
1(62)°7(182)°
n(122)2n(362)2
n(62)°n(182)°
n(122)21(362)?
n(122)"3n(362)3
n(62)51(182)n(242)5n(722)

n(62)°n(182)
n(122)?
n(62)*
(62)*
(6z)
(62)
1(122)7n(362)°

=
=)
N

3

4
4

3
N

n(62)?1(182)%n(242)?n(722)?
n(62)?n(122)7(182)*

n(62)n(182)°n(242)n(722)"°
n(62)n(182)°
n(362)?

1(62)n(362)"3
7(182)57(722)°
1(122)3n(182)5

n(62)n(242)n(362)>

1(62)1(242)7(362)'®

n(122)2n(182)7n(722)7

N DN NN N W N N DN NN N DD N W W W W N N W Ww w N N
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2 mm=1 M0 (=8) (&) qi(m2+3n2)

D=1 M7 (=) (&) qi(3m2+n2)
2

D=1 (i) (13) 4
Zﬁ,n:l mn (%6) (%6) qZ(3m2+n2)
2 mn=1 (=8) (=5) qi(m2+3n2)
T e () () 4107
Sy mn (1) (1) g i (7 m)
Sreacin () (32) g3 ()
Srencin () (35) g1 Orer?)
S in(12) (54 ga(meee)
S n (5)° () a0
e () - (e
oo T (%) 3m?2+n?

B 1
S () (5) gt ()
_ 1 2,2
Zm,n:l mn WS) (1%) ?4(3771 o )
_ 1 2 2
Sy () (55) gi(m*+an?)
S0y (12) () g ()
m,n= m
1
T () (el
ey (2) (4) qa(miten®
S0 i (18) (58) ga(m+sn?)



711V
72 IV
73 IV
76 IV
77 IV
79 IV
82 IV
83 IV
84 IV
84 IV
85 IV
86 IV
87 IV
88 IV
89V
89V
90V
90V
90V

90V

90 V
99 VIII
100 VIII
101 VIII
102 VIII
103 IX
104 IX

105 X

106 X

n(122)1(18z2)7
n(62)n(362)3
1(62)°1(242)%1(362)°
n(122)3n(182)?n(722)?
1(122)3n(18z2)2
7(62)%n(362)
n(122)°
n(62)2n(242)3
n(122)13
n(62)2n(242)°
n(122)12n(362)
n(62)3n(182)n(242)°
1(62)"1(242)1(362)°
n(122)2n(182)2n(72z)2
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n(
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s
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1

12z)22

n(24z)
n(362)3
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n(62)n(182)n(242)n(72z)
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(62)n(182)
n(62)n(18z)
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n(92)1(242)%1(362)

n(3z)n(12z)
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z)n(12z)2n(48z)?
n(92)n(122)n(362)

n(62)?

n(32)n(182)n(242)
n(32)n(122)%n(18z)*
n(62)n(92)n(24z)
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n(62)n(242)
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n(32)2n(24z2)
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108 XI
109 XI
110 XI
111 XII
112 XII
114 XII
116 XIII

117 XIIT
118 XIII

119 XIV

120 XIV

121 XIV
121 XIV
122 XIV
122 XIV

123 XV

124 XV

125 XVI

126 XVI

127 XVII
128 XVII
129 XVIII

130 XVIII
131 XIX
132 XIX
137 XX
138 XX
139 XXI

7(62)3n(242)1(362)°
1(122)31(182)3n(722)2
n(62)n(362)*
n(18z)n(72z)
(12z)3 (182)
n(62)n(24z)
n(122)1(182)n(362)2
n(62)n(72z)
0(62)n(242)(362)°
W12 (152 (72:)2
n(62)n(122)%n(362)
n(18z)n(24z)
1(62)%1(362)
1n(12z)n(18z)
1(62)n(242)1(362)®
n(122)2n(182)3n(72z)3
n(122)n(182)*
n(62)1(362)
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n(32)n(182)
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n(32)n(122)n(212)n(842)
n(3z)
n(6
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n(212)
7(48z2)3
1(32)2n(122)2n(242)n(962)
n(32)2n(482)*
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n(242)10
n(122)2n(482)%
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(62)%n(242) 8\ (12\ . 1(3m24n?
139 XXI 77;((11272%)52 1 z:;o’n:1 (E) (W) q4(2 m2 n?)
-2z 00 12\ 6
140 XXI e 1 T 12 -4
77(122)5 2 194 1(3m24n2
140 XXI 762 o (217) 1 Y=t (3)” (5) q‘*i m2 ")
141 XXII % 1 (2 gl2mn
1n(122)4n(962 mn::—fo n
(122)2n(482)3 24 24 1902
142 XXII W 1 ?Zféo(_l)n (H) q" +12n
(24 )6 1 12 2 2
143 XXII W 1 S"};f" (?) gl2m+n
(242) 24 24 1 24n2
UEXXI ! S (20) (2) gl
waxxin (o) 1 e (1 () g
n=—oo
1 2 2
144 XXII n(122)? 1 Zqono,n:l (1%2 (1712) qf(m :—n 2
WAXXIL 2 ! St (8] (Baitree)
144 XXII n(122)? 1 Y (B (24) i (8mP4n
242)n(362)° m’noi (m) (n) 2,2
145 XXIII % 1 . (12) glemien
n zZ)n ¥4 mn—z—loo n
77(242)77(362:)5 2 18 1 3 2+ 2
145 XXIII oL 1 S (m)? (28) gl :n nQ)
146 XXIII ni el 1 % (1) (12) gmi+sn
KA ne—oo m
182)2n(24 2 1(3m21p2
146 XXIII M2 1 S (B (2)? g (P en?)

Table 13: Eta quotients with vanishing behaviour similar

to fllo
Number ¢-Product Modular Form Weight Level Group
1 10 n(122)° 5 1441
v 1(242)30
2 g 7(122)107(482)10 5 576 I
12 _n(242)°
J fif‘é 77((12,2)4477((48,2))3 2 1152 I
liza n(122)"n(482)"
4 fm;}é”; (242" 2 1152 I
(242)'0n(362)n(1442)
g Jz”ifz*ff 7Zy(12Zz)3:,7(48,:)47717(72;) 2 1152 1
fifefg n(122)37(242)n(722)2
0 f31J;46 n(3?zé);n§z11§z) 2 1152 I
n(482
7 ﬁ 7(122)21(962)5 3 2304 |
S n(122)n(482)15
8 fgfé 7]524,2)217%962;2 3 2304 I
9 24 n(242)"n(482)° 9 9304 I
12 1 n(122)%n(962)
10 li?? wip il 2 2304 1
f: 1(242)21(962
11 2268 n(242)° 9 988 I
I n(12z)2
12 fifi n(122)%n(482)? 2 576 1
13 2 7(242)1° 5 “76 .
@ n(122)%1(482)2
14 ifs n(122)%n(242)* 3 72 I
15 Laple nEE I n(T2e) 1 72 I
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16
17
18

19
20
21

22
23
24
25
26
27
28
29
30
31

32
33
34

35
36
37
38
39
40
41
42
43
44
45
46
47
48

fifafd n(122)n(482)n(722)*

13 f3f12 n(242)2n(362)n(144z)
f2f3 n(242)1(362)°

flfe n(122)n(722)
fifafdt n(122)n(482)n(722)
f§f§j§2 1(242)2 (36z) n(1442)5

518 1(242)3n(722)°
f1f314]32 n(122)1(362)3n(482)n(1442)3

¥ 1(122)n(362)

% n(242)3n(362)3

f1f4 n(122)n(48z)

flfe n(122)n(722)°

f3 f12 77(363)377(1442)3

fifo n(122)*n(1082)

f3 n(36%)
f32faf12f7s 1(242)12n(362)n(1442)n(2162)3
FLIL18 fafse n(122)*n(482)4n(722)3n(1082)n(432z)
fifs n(122)°n(722)°

21305 n(242)?n(362)3n(1442)3
7358 n(242) 3 (362)°

R n(122)51(482)°

ﬂ n(122)%n(722)?

13/3 1(242)21(362)
f33f3f12 n(242)131(362)n(1442)
fff?jb 1(122)5n(482)51(72z)
fifsf12 n(122)°n(362)n(1442)

fég% n(242)%n(72z)

28 n(242)13n(722)2
P f3f8 n(122)°1(362)n(48z2)°

Lidid 1(122)57(362)°

f3 n(24z2)?

553 n(242)19n(722)°
TP 11 n(122)51(362)37(482)°n(1442)3
ff’f5 1(122)°1(60z)

5f10 7(242)"91(1202)°
flf%f;féo n(122)57(482)57(602)n(240z)
n(122)7n(722)3

f f 1n(242)3n(362)3
f218f3 [ n(242)'87(362)3n(1442)*
flej% n(122)7n(482)7n(722)5
f3 fsfs fPs 7(242)*1(362)1(962)n(1442)°
N2 n(122)n(482)3n(722)31(2882)2
frfsf?s n(122)n(962)n(144z2)°
fsfff§4 7(362)7(482)%n(288z)2
f2 f8f12 n(242)57(962)n(1442)5
f1 f4 fe f24 77(12Z)277(483)277(722)277(2883)2
f1 f8f12 n(122)%n(962)n(1442)°
f2f 1(722)2(2882)2

S n(122)%(482)%(722)?

.)22 f12 n(242)2n(144z)

fafg 1(242)*n(482)1(722)?
fifi2 n(122)2n(144z)
f1f3f4f6 n(122)1(362)n(482)n(722)°
f2 f]82 77(242)271(1442)2

f2fs 7(242)1(722)"
flfkflz n(122)n(362)7(1442)3
f3f12 f12 1(362)n(482)2n(144z)
flfgfbfé n(122)n(242)3n(722)n(962)°
e 1(122)1(482) 31 (722)*
fﬁféfg n(242)%1(362)n(962)°
f3fafiz2 1(242)"n(362)n(144z2)
j&f& n(122)1(482)3n(722)
Nf3fs n(122)n(242)4n(722)?

féf; n(362)1(482)2
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288
976

576
144
1152

1152
1296
5184
1152
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276
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2880
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2304
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276
1152
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2304
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144
576
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49
50
51
52
53
54
55
56
57
o8
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77

78
79
80
81

312 1o

1(242) 11 (962)2n(1442)°

LIS it n(122)4n(482)51(722)21(2882)2
LIS n(122)4n(962)n(1442)5
T2 /318 [y n(242)n(482)%n(722)?n(2882)2
f1f3fi0 f12 n(122)n(362)n(482)10n(1442)
f3fefs 1(242)4n(722)n(962)4

fir3 n(482)%n(722)2
fifaf3fs n(122)n(242)n(362)1(962)*
fPfaf§ n(122)3n(482)n(722)°
335 1(242)31(362)3n(1442)3
513 n(242)%1(362)*
1312 n(122)3n(482)?
2 rhs n(122)1(2162)°
f2 fof3e n(242)?n(1082)n(4322)
133 fo n(242)137(108z)
r n(122)°1(482)"
f%%j%g 7(242)13n(2162)3
f?f%gb)be n(122)5n(482)°n(1082)1(4322)
fifo 1(122)°1(1082)

13 7(24z2)?
PR35 n(122)20(482)%(722) %00 (1082) 2 (4322)°
fgféofggf?g 1(242)5n(362)197(1442)101(2162)6

fs} 77(362)10

213 n(122)21(1082)2
fif3fi2 n(122)1(362)n(1442)

f6 n(72z)

f518 1(242)3n(722)*
f1fsfa 1n(122)n(362)n(48z)
fof3f2 f12 1(242)1(362)n(482)%n(144z)
fifefs 1n(122)n(722)n(962)
ffif 1(122)1(482)3n(722)2
1313 fs n(242)?n(362)n(962)
g 1(122)n(722)?
NE “1(362)
I3 fafiz n(242)3n(362)n(144z)
fifafe 1(122)n(482)n(72z)
hfafifly n(122)n(482)n(722)27(1202)°
f%féfgfég 7(242)21(362)1(602)21(2402)2
fofsfs fi2 1(242)n(362)1(602)%n(144z)
f1fefio n(122)n(722)n(1202)
fifafl 1(122)1(482)n(722)"
f§f§f?2 1(242)2n(362)3n(1442)2
fofs fi2 n(242)1(362)3n(144z)
J1f2 n(122)n(722)2
I3 f12 n(122)37(144z)
fafs 1(242)n(362)
f5 f3 1 n(242)5n(362)n(1442)*
F2rire n(122)3n(482)31(722)3
Sl n(122)n(2162)3
fof36 1(1082)1(4322)
75 fo 1(242)31(1082)
f1fa n(122)n(48z)
13 17s n(242)3n(2162)3
fifafofse n(122)n(482)n(1082)n(4322)
fifo n(122)n(108z)
frfafS fs n(122)1(482)n(722)°1(2162)3
F2fafofifas  n(242)2n(362)2n(1082)n(1442)2n(432z)
f252 fo n(242)1(362)2n(108z2)
fife n(122)n(72z)
faf3 fis n(242)n(362)n(2162)°
f1fefof36 n(122)n(722)n(1082)n(4322)
f1fafg fo n(122)7(482)1(722)°1(108z)
f§f§f§5 1(242)2n(362)2n(1442)2
fafafis 1(362)7(482)7(2162)*
Jefof36 n(722)1(1082)n(4322)

84

1152
1152
1152
1152
144
576
10368
10368
5184
2592
5184
1296
1152
1152
2304
2304
288
576
5760
9760
1152
1152
1152
1152
10368
10368
5184
1296
5184
2592
10368
10368

1296

XII
XII

XIII
XIII

XIV
XIV
XV
XV
XVI



82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97

98
99

100
101
102
103
104
105
106
107
108

109
110
111

112
113
114
115

fafi2
Ir3

f2f10 fa0
5 3

5 f30

22 fiofa0

i fio
f2
I3 f1o
i3
f2f§f1°2
f3f8f34
Jafefs
fafi2

fafs
13

fa.
f3f5%

f22f822f10f40

2

0
f1o0fa0

n(482)n(722)?n(108z2)
n(36z)n(144z)
n(242)1(962)3n(1442)14
n(482)*n(722)*n(2882)6
n(722)4n(962)2n(1442)?
1(242)n(482)n(288z)2
n(242)7
n(48z)
1(242)°7(962)
n(482)*
n(482)°n(1442)°
1(242)n(722)2n(962)n(2882)2
n(242)n(482)%n(722)?
n(144z)
7(482)"3
7427579627
7(482)20
n(242)7n(96z)7
n(482)8n(1442)°

1(242)31(722)2n(962)%n(288z2)2
1(242)3n(722)%n(962)
1(48z)n(144z)
n(122)%n(2402)3
1(242)n(120z)n(480z)
n(242)51(2402)3
1(122)2n(482)2n(1202)n(480%)
1(122)%n(1202)
n(24z)
1(242)%1(1202)
n(122)?n(482)*
1(242)1(962)%n(1442)°
1(482)2n(722)%n(2882)2
n(482)n(722)%1(962)
1n(24z)n(144z)
n(242)n(962)
n(482)3
n(24z)
n(482)°n(2402)3
1(242)21(962)2n(1202)n(480%)
1(242)%n(1202)
n(48z)
n(1202)26
1(602)107(2402)10
n(602)"°
1(120z)4
n(1202)'6
1(602)67(2402)6
7n(602)°
1(1202)2
n(1202)*n(240z)
1(602)2n(480%)
1(602)21(2402)3
1(1202)2n(480z)
1(1202)°
1(602)2n(240z)2
1(602)
1(1202)1(4802)1(7202)°
1(2402)2n(3602)2n(1440z)2
1(2402)n(3602)2
1(1202)n(720z)
n(2402)13
7(1202)°7(4802)°
7(1202)°
1(240z2)2
7(2402)3
1(1202)n(480z)
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FIGURE 5. The grouping of eta quotients in Table which have vanishing coeffi-
cient behaviour similar to fi°

Number
71

81

91

101
111
121
131
141
151
151
161
161
171
181
191
201
211
221
251

Table 14: Eta quotients in Table[I3|with expansions as double

theta series

Modular Form
1(482)"3
n(122)2n(962)5
n(122)%n(482)"°
7(242)61(962)°
n(242)*n(482)*
n(122)21(962)
n(122)°n(482)°
n(242)%n(962)
n(242)°
n(122)?

n(122)%1(48z2)?
_ n(242)'0
1(122)2n(482)2

n(122)%n(242)*

n(242)n(362)n(722)

7)512,2;
n(12z)
1(122)7(482)n(722)*
1(242)2n(362)n(144z)
n(122)n(482)n(722)*
1(242)2n(362)n(144z)
n(242)n(362)°
n(12z)n(72z)
1(122)n(482)n(722)1
1(242)2n(362)5n(144z)5
1(242)3n(722)°

n(122)n(362)3n(48z)n(1442)3

1(122)n(362)°
1(242)3n(362)3
1n(122)n(48z)
n(122)n(722)°
n(362)3n(144z)3
1(122)%n(722)°
1(242)2n(362)3n(144z2)3

Weight
3
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Theta Series
Z:no,nzl mn (_HG) (2 (%) _ (%))qm2+4n2
Sonermn () (S2) gt

Zq?no,nzl n (%4) (2 (%) — (%))qm2+4n2

Y=t () (2 (f5) = (5))g™

Zz%o,nzl n (1?2)

2= mn (35) (2 (

Zﬁ,n:l mn (

Soonm (3)°

2 omn=1

=1 (

> mn=t (%)2 (2 (5 ‘- (?)2) g
q?

—
wl3
SN—
—
~— O3
SN—

3o

Y= (1) (52) o3 (m?+9n?)
Snmrn () (3F) g r0)
Yo (32) (5) g3 (m?+9n?)
Sovnein (2) (5) g2 (o)
Sonean (1) (58) g2 o)
S (59) (3) a3 (747



261
271
28 1
291
301
311
321
371
381
39 11
40 11
41 11
42 11
43 11
44 11
45 11
46 11
4711
48 11
55V
56 V
57TV
58 V
61 VI
62 VI
63 VII
64 VII
65 VII
65 VII
66 VII
66 VII
69 IX
70 IX
73X

n(242)13n(362)3
77(12z)§7](482)2
7Kéif§;ﬂg§;%
n(242)13n(3gz)n(144z)
1(122)51(482)5n(72z)
(12:)9(36:)n(1412)
1) (720
n(122)57(362)n(482)°
1(122)°n(362)3
n(242)?
1(242)3n(722)°

n(l?z)577(36z)377(48z)5n(144zg3
1(242)31(362)n(962)n(1442)
1n(122)n(482)3n(722)31(2882)2
n(122)1(962)n(1442)°
1(362)n(482)2n(2882)2

n(242)%0(962)n(1442)°
1(122)2n(482)2n(722)2%n(288z2)2
n(122)27(962)n(1442)5

n(722)%1(288z2)?
n(122)?n(482)*n(722)?
1(242)%n(144z)
n(242)4n(482)n(722)?
1(122)?n(144z)
n(122)n(362)n(482)n(722)°
7(242)2n(1442)2
n(242)n(722)
1n(122)n(362)n(144z2)3
1(362)n(482)"2n(1442)
n(122)n(242)3n(722)n(96z)°
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Table 15: Eta quotients with vanishing behaviour similar to
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FIGURE 6. The grouping of eta quotients in Table [I5] which have vanishing coeffi-
cient behaviour similar to f{
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Table 16: Eta quotients in Table[15|with expansions as double
theta series

Modular Form Weight Theta Series
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79 XIII
80 XIIT
81 XIV

82 XIV
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83 XIV
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n(722)51(962)
n(144z2)2
n(212)n(962)?
n(48z)
0(242)5(962)?
n(48z)
n(482)%1(962)
n(24z)
1(482)*n(962)
n(24z)
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Table 17: Eta quotients with vanishing behaviour similar to
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g-Product

s

Modular Form

n(122)%
1(242)7
7(122)201)(482)%6
n(242)%n(482)8
n(12z)2
1(122)21(482)8
n(24z2)%
0(242)°9(962)°
7(122)%(18:)7
n(12z)%n(242)%n(962)*
n(48z)
n(362)°
n(12z)
1(122)n(482)n(722)%7
1(242)31(362)9n(1442)°
n(122)%1(482)8
n(24z)?
n(242)16
n(122)6
n(122)11n(1442)3
n(242)n(362)3n(48z)
1(242)%91(362)3n(1442)8
n(122)11n(482)12n(722)°
n(242)14n(362)n(1442)*
n(122)51(482)5n(722)*
n(122)°n(1442)3

n(242)n(362)n(482)n(72z)
n(122)n(242)5n(1442)3
7(362)n(482)3n(72z)
1(242)87(362)n(1442)*
n(122)n(482)4n(722)*
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17
18
19
20
21
22
23
24
25
26
27
28

29
30
31

32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

fifs n(122)?n(962)*
[3 7(48z2)2
fSfs n(242)%7(962)*
fifi n(122)?n(482)7
JEfafs n(122)%7(482)n(96z)3
2 1(242)2
£ 12 n(242)*n(962)°
fifa n(122)2n(482)
fS fafiafis 7(242)07(362)n(1442)1(2162)°
FEF2f3 1313 n(122)21(482)2n(722)31(1082)31(4322)3
11 n(122)%n(1082)
f3 n(36z)
hfaf3f n(122)n(242)1(362)3n(1442)>
f4f§ n(482)n(722)3
5 f6 n(242)4n(722)°
Nr3r n(122)n(362)3n(48z)?
28 n(122)3n(722)8
f3f3 n(242)%n(362)3
f3 3 fo n(242)"n(362)%n(1442)*
fif% S n(122)3n(482)3n(722)3
Tfofs n(122)%n(722)%7(962)*
F3f3fafh 1(242)21(362)%n(482)n(1442)?
f§f32f8 1(242)*n(362)2n(962)*
I213 %6 n(122)21(482)31(722)
S 787, 1(242)n(722)%7(2162)5
fff:?ff@f%f;?@ n(122)21(362)2n(482)21(1082)21(1442)21(4322)2
ENL 1(122)?n(362)%n(1082)*
f1f4f69ff8 n(122)n(482)n(722)°9(2162)°
f§f§f§1j2f§6 1(242)3n(362)31(1082)2n(1442)31(4322)?
I3y 1(362)%17(108z2)*
1 n(12z)
157212 n(242)57(362)2n(1442)2
fgfe n(482)2n(722)
518 n(242)°n(722)"
313 1(362)?n(482)?
fof3ft 1(242)n(362)2n(1442)*
fe n(722)
f2f§’ 1(242)n(722)°
f2 1(362)2
2702, n(362)2n(482)%n(1442)?
f2fefs 1(242)n(722)n(962)
fffé’ n(482)3n(722)°
fzféfs n(242)n(362)%n(962)
35 fs 1(362)2n(482)3n(1442)*
§f6f5§’ 7(242)51(722)n(962)°
1215 n(482)'3n(722)°
ISr2r8 1(242)°n(362)21(962)°
f3fafefiz 1(362)21(482)n(722)n(144z2)
fo n(242)
f4f67 n(482)n(722)7
f2f2f12 7(242)n(362)2n(144z)
f1f§ n(122)n(722)°
f2f3 n(242)n(36%)
I3 f3f2 f12 n(242)2n(362)n(722)2n(1442)
Jifa 1n(12z)n(48z)
fifeffs n(122)n(722)n(1442)2
fofs3 1(242)n(362)
f3f317 n(242)2n(362)n(1442)3
f1fafg n(122)1(482)1(722)?
T3St n(122)2n(482)%n(1442)2
fafe n(242)n(722)
f5 1o 1(242)5n(1442)?
fife n(122)%n(722)
21378 n(12z)%n(482)%n(722)*
fo n(24z)
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288
576
2304
2304
1728
432
144
976
144
576
1152
1152

5184
1296
5184

1296
432
1728
1728
432
6912
6912
6912
6912
432
1728
288
576
976
144
144
576
576

111
11T
111
111
1AY
IV

VI
VI
VII
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VIII
VIII
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IX
IX
IX
IX
IX
IX
IX
IX

=

XI
XI
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50

51

52
93

o4
95
56
o7

o8
99
60

61
62
63
64
65
66
67

68
69
70

71
72
73
74

75
76
77

78
79
80

81
82
83

84

fefs
fofsfou

12
fo]?Q
fe
fi5 15
f§2f104
f26f52
f123f104
fi6
Pl

13

13

x 52
f§6€1504

J26

J3

n(242)°n(722)3
n(122)2
7(242)3n(1202)1°

1(122)n(482)n(60z)°n(240z)°

n(122)n(602)°
n(242)71(482)3
1(482)191(722)n(2882)
1(242)%n(962)3n(1442)
1(242)*n(962)n(144z2)>
1(482)2n(722)
n(242)3n(962)*
n(48z2)3
n(482)"n(722)1(2882)
1(242)2n(962)%n(1442)
1(242)%n(482)n(144z2)?
n(72z)

1(242)7(482)11(962)

1(482)7
n(24z)
1(242)%n(962)%n(1442)°

n(482)3n(722)31(2882)3
n(482)3n(722)3
1(242)2
n(482)0n(962)
n(242)3
1(482)%4
7(342) 7 (962)"
1(482)°%
n(24z)1n(962)13
1(242) 117 (482)°
1(962)2
1(242)"n(962)?
n(48z)
n(242)°n(962)3
1(48z2)2
n(242)1(962)3
1(242)n(962)*n(1442)5

1(482)2n(722)2n(288z)2
1(482)1(722)%n(962)3
n(24z)n(144z)
n(482)3n(962)?
n(24z)
n(482)13
n(242)°1(962)?
1n(482)20
7(242)77(962)°
n(962)1(1442)°
n(722)3n(288z2)3
1(722)%n(962)
n(722)n(962)n(288z)
n(144z)
1(962)n(144z2)>
n(72z)
1(1562)%n(6242)3
n(3122)2n(1248z)
n(3122)*n(624z)
n(1562)2n(1248z)
7(3122)8
n(1562)2n(6242)2
n(1562)?
n(6242)13
1(3122)57(1248z2)°
7(3122)°
1(624z2)?
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288

2880

720
1152

1152
2304
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1152
2304
1152

2304
1152
2304
2304
2304
976
576

2304
2304
976

2304
576
576

2304

1152
2304
1152

2304
29952
29952

7488
1872
29952

1872

XI

XII

XII
XIIT

XIII
XIIT
XIII
XIIT

XIII
XIII
XIII

XIII
XIIT
XIII
XIIT
XIV
XIV
XIV

X1V
XIV
XIV

XIV
XIV
XIV
XIV

XV
XV
XVI

XVI
XVII
XVII

XVII
XVII
XVIII
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f26.f104 P56 n(3122)1(12482)n(18722)° 1

5 f52f7§f3112 77(6242')217((936,2)2377(3744,2)2 2 89856 XVIII
1n(624z) 1

86 1;26];104 W 5 29952 XVIII
52 n z)n z 1

87 f26f17586 1(3122)1(18722) 5 1872  XVIII

88 fo6 n(312z) 3 7488  XVIII

VI

XVII

VI

I IX

FIGURE 7. The grouping of eta quotients in Table [I7, which have vanishing coeffi-
cient behaviour similar to fZ

Table 18: Eta quotients in Table[T7]with expansions as double
theta series

Number Modular Form Weight Theta Series
BIX im0 S mn () (3) 2
MIX e 3 Mo () C(5) - (3D
R 3<67ZL> (). 2 Somaztn (32) (§) g2
36 IX e 2 S () @) - (F)ee
X e 2 St (5) (5) g
B dgestie 2 Taaen () C(E) - (e
39 IX "f’(ﬁzi)z) (;15;72)@77((;64;4),3) 3 Zm,nzl mn (%) (76) ql2m o
40 IX (QZ§3‘§$236Z§73{86Z> 3 Tmamimn(3) 2(4) - (5t
41 X n(36z) n(4824g2Z)n(144Z) 9 Z;S,nzl n (%)2 (%) g™ m?2+12n

97



n(482)n(722)"

2 X 722)(362 2 445) 2 Sz (B)° (2 () — (5)gm 12
43 X1 R 2 Eraam () (20)° - (3)) e
MXL G2 Saan (§)° (5 7
XU SERHEEE 1 SR () (20)° - (1))
OX1 SRS St (3)7 (5) e
X g2 Sraean (3)° (5) 4
sxr T 2 T (3)P@(%) - ()
foX1  wERgiuil s it mn (52) (5) 40
XL 3 Sineamn (3)C () — ()
GXIV. g 5 e () () g
69 XIV 77(242)77(962)3 2 Zm,n:l n (1?2) (%4) qm2+12n2
XNV ey 2 S () () 4712
MV CEESa 2 Yiramn (8)? () 7412
72 XTIV n(dss) migez)® 2 Ymenein (2) (52) g1t
BXV e 3 S (52) (52) g2
XV Sen : o (32) () a5
WXV g6 2 S n (2) () oo
TXVE ABEEEs Yo () (1) gt
XV 1 Soamn (3)° (3) 400
SXVIL g St (3) (3) g% 0 )
82 XVII n(156z)? 1 S (12) (12) g% (m*+n?)
T?bée 19: Eta quotients with vanishing behaviour similar to
Ji /s
Number ¢-Product Modular Form Weight Level Group
1 1if3 n(8z)fé7()}26z)3 3 128 1
7 ’#SLWQ 3 26 I
3 fffsj}if 77(%%;22425?;%%@5 2 768 I
4 fifshs 0(82)*1(242)n(962) 5 o6 1
5 ’J; §f‘% M 3 512 I
Mo
6 @f% W 3 512 I
7 5 i T2 2 384 I
8 fg?geé n(8z7>7§28225§:28z)5 9 768 I
BTt 77(162)377(242)22377(96.2)2
9 TP 2 256 1
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

29
30

31
32
33
34
35
36
37
38
39
40
41
42

il 1(82)*n(322)?
fa n(162)
f20fs n(162)'97(642)
31t n(82)3n(322)*
fifafs 1(82)3n(162)n(64z2)
1{4} (16775:%122296 )
5 f12 n(16z)'1n(962
fffgfe n(82)3n(322)%n(48z2)
113 f12 7(82)%1(162)%1(962)
3f4?f6 1(322)n(48z)
f3 135 f12 n(162)3n(242)3n(962)
f§f4f2 7(82)21(322)7(48z)2
f1 f4f6 77(82)277(32Z)77(48Z)7
f%{fg 2 n(162)31(242)31(962)2
f3 f3f?s n(162)"n(242)7(962)2
IR n(82)%n(322)3n(482)3
fifafi2 1(82)2n(162)n(962)
f3fa 1(242)n(322)
IS fafiz n(162)831(242)n(962)
f]zf%fg 1(82)21(322)2n(482)2
f6 77(82)277(162:)277(482)
o 310 o)
151511 n(162)%n(242)3n(962)?
1y fads 1(82)°n(322)1n(482)*
] gfe ngi)jg(tgg);g(g??
315 1(242)*n(322)*n(962
B n(322)°
fifaf3 n(82)n(16z)n(642)3
fifi n(82)n(322)'°
f§f§ n(162)%n(642)3
f2f3 n(162)n(32z)*
fl3 n(8z)
fif} n(82)n(322)*
2 1(162)2
IS faf§ n(162)3n(322)n(48z)°
f1f§f12§ n(82)n(242)%n(962)2
131 n(82)n(242)?n(322)*
fe 1(482)
j 7(162)°
f1 n(8z)
J1f3 fa n(82)n(162)°n(32z)
ffifs n(82)*n(322)%n(482)
f3fsf8 n(162)%n(242)n(642)3
f5 387 12 1(162)2n(242)1(322) "7 (962)
TEfers 1(82)21(482)%n(642)3
18 n(82)%7(482)*
I3 /3 n(162)3n(242)
25 fa f12 7(162)157(242)n(962)
ISF8 fe 1(82)51(322)67(48z)
ff3 n(82)"n(322)?
f§’ n(162)3
8 7](162’)18
i =322
156 n(82)%n(482)*
13 1(162)4n(242)3
303 1(162)20n(242)3n(962)3
f§f§f§ n(82)3n(322)%n(482)°
f1fifefsfse  n(82)n(322)2n(482)9n(722)?n(288z2)
I3 fia s n(162)31(242)1n(962)3n(1442)3
f§f4f12f%’8 n(242)*n(322)1(962)n(1442)3
flfffg’cfifaa 77(82)71((;8)2)(31776(7)22()92é7()2882)
1f2f12 n(8z)n(162)n(96z
fo n(482)
f24f612 n(162)4n(962)
fifafe n(82)n(322)n(482)
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64
012

012
2304
576
96
768
768
96
2304
1152
96
768
512
512
32
256
768
96

128
256

4608
4608
384
768
32
256
384
768
288
2304
2304
288
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43
44
45
46
47
48
49
50
o1

52
53
54

55
56
o7
58
99
60
61

62
63
64
65
66

67
68
69
70
71
72
73

75

f113fs n(82)2n(322)2n(48%)
f2f3 n(162)21(242)

I3 faf12 n(162)*n(242)n(962)
fffg n(8z)?n(482)*
fifi2 n(82)*n(962)
f2f3 n(162)21(242)

[0 f3 1 n(162)1%7(242)n(962)*
f{l f g’ n(82)%n(322)4n(482)3
33 fs n(162)13n(642)
fi i n(82)5n(322)°
fifs n(82)°1(64z2)

12 7(162)2
2210 n(82)%n(322)2(482)'9
TS n(162)51(242)7n(962)7

faf3 n(162)n(242)7
G 7(82)2n(48z)2

f§’f3fsf12 1(162)%n(242)n(642)n(962)
fiff)g 1n(82)2n(322)3n(482)2
fi fefs n(82)2n(482)n(642)
f3fa 1n(24z)n(32z)

fifs n(82)n(64z)

I3 fs n(162)3n(642)

fifa 7(82)n(32z)
fifafgfs 1(82)n(322)n(482)°n(64z)
13721t n(162)21(242)%n(962)?

2/2 f3 n(162)n(242)3n(642)

fife 1(82)n(482)
fifafd n(82)n(32z)n(482)°

I 7(162)7(962)2
218 n(162)2n(48z)5
At n(82)n(962)2

16 n(82)?n(482)°
féjsjfg n(162)n(242)n(962)?

S fafa 1(162)%n(242)n(48z2)3
23112 1(82)2n(322)%n(962)
12 n(82)%n(482)°

2 1(962)2
1518 1(162)7n(482)°
2k n(82)31(322)37(962)?
fif n(82)*n(48z)

f3 e n(162)%n(482)
fg i n(82)3n(322)3

5 /3 1(162)n(242)
1318 n(162)3n(482)*
f3fi2 1(242)1(962)
f3 13 n(162)3n(242)5

fé n(482)2

5 1° n(162)3n(482)'3
15 fio n(242)%n(962)°
f§f§f12 1(162)%n(242)51(962)

faf? n(322)n(482)3

5f6° n(162)?n(482)'2

I3 fafh n(242)51(322)n(962)*

f2f613f8 1(162)n(482)13n(642)

I2 fafps n(242)51(322)n(962)°
f2f5 fs n(162)n(242)°n(642)
fafé n(322)n(482)2
1f8° n(322)%n(482)'3

fzé?{jg 1(162)n(242)57(962)5
f3f7 n(242)°n(322)?
f2fé n(162)n(482)2
f21° 1(322)%n(482)'3

I3 F3 1D, n(162)31(242)5n(642)31(962)5
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288
2304
768
96
012
512
768
384
4608

4608
512

512
1536
1536
2304

288

96

768

576

2304
1152
2304
1152
2304

1152
2304
96
768
4608
4608
2304
288
4608
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11
v
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VI
VI
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VIII
VIII
VIII
VIII
VIII

VIII

VIII
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IX
IX
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76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97

98
99
100

101
102
103
104
105
106
107

108
109

1313 1(242)5n(322)°
I3f2rs n(162)3n(482)2n(642)3
178 1(322)%n(482)*

I3 f3f3 f12 n(162)3n(242)n(642)3n(962)
f3f2 n(242)n(322)°
I3f3 n(162)3n(642)3

fof3 fs 1(162)1(482)3n(642)
fafaf12 UEQ4Z§W(3QZ;UE96z§
fofafs n(162)n(242)n (642
Ja n(322)
fifafe n(82)n(322)n(48z)
f2 n(16z)
@ n(162)2n(482)
1 n(8z2)
fi18 n(82)%n(482)?
f2f3 1(162)n(242)
f3 f3f12 n(162)5n(242)n(962)
fifffe 7(82)%1(322)%n(482)
f3fi2 1(162)2n(242)n(962)
fafo n(322)n(48z)
ﬁ 1(162)%n(48z2)>
f3fa n(242)n(32z)
f3f n(242)n(322)*
f2 1(162)
f118 1(322)?n(482)°
fafafi2 n(162)1(242)n(962)
f3 frafis n(242)3n(962)n(144z)3
féféf% 7(482)2n(722)21(2882)
f¢ /3 f36 7(482)"n(722)2n(2882)

I3 fis n(242)3n(962)2n(1442)3

3f5 n(242)n(482)°

ffg n(962)2

S 7(482)8
f3f3s n(242)n(962)3
S 0(242)"n(962)

12 7(482)2

? n(482)"
3 7(242)31(962)2

I3 n(24z2)°

fe n(482)

gt n(482)14

27 n(242)°7(962)°
1318 n(242)°n(482)°
ff 17(962)?

1 n(482)"®
IS n(242)5n(962)7
f3fe 1(242)n(48z2)

o n(482)*
f3fi2 1(242)1(962)
fofis n(482)°n(1442)

I3 fofE f36 7(242)21(722)n(962)21(288z)
@ n(242)%n(722)

fe 1(48z2)
f5fis n(242)%n(1442)*

fefofse n(482)n(722)n(288%)
fefo 1(482)°n(722)
e 17(242)21(962)2
fafi2 1(242)n(962)

Je n(48z)

fs n(482)?

f3 n(24z)

fofof3s n(482)51(722)n(2882)

f§f122f128 n(242)2n(962)2n(144z)2
f3f1s n(242)%n(144z)
f6]§9 77(48z)n(723z)

3 n(242)
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FIGURE 8. The grouping of eta quotients in Table [I9] which have vanishing coeffi-
cient behaviour similar to f; f3

Table 20: Eta quotients in Table[I9)with expansions as double
theta series
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